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Abstract
We examine Penrose limits of the duality proposed by Guarino, Jafferis and
Varela between a type IIA massive background of the type of a warped, squashed
AdS4 × S6, and a 2+1 dimensional IR fixed point of N = 8 super Yang-Mills
deformed by Chern-Simons terms toN = 2 supersymmetry. One type of Penrose
limit for closed strings corresponds to a large charge closed spin chain, and
another, for open strings on giant graviton D-branes, corresponds to an open spin
chain on sub-determinant operators. For the first limit, we find that like in the
ABJM case, there are functions fa(λ) that interpolate between the perturbative
and nonperturbative (string) regions for the magnon energy. For the second,
we are unable to match the gravity result with the expected field theory result,
making this model more interesting than ones with more supersymmetry.
November 15, 2018
∗E-mail address: thiago.araujo@apctp.org
†E-mail address: gitsios@gmail.com
‡E-mail address: nastase@ift.unesp.br
§E-mail address: ocolgain.eoin@apctp.org
ar
X
iv
:1
70
6.
02
71
1v
2 
 [h
ep
-th
]  
6 S
ep
 20
17
Contents
1 Introduction 2
2 The duality: N = 2 superconformal Chern-Simons theories vs. AdS4 × S6
background 4
2.1 Warped, squashed AdS4×S6 geometry . . . . . . . . . . . . . . . . . . . . . 4
2.2 CS-SYM field theory action . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3 Penrose limits of the GJV background 9
3.1 Useful null geodesics for Penrose limit . . . . . . . . . . . . . . . . . . . . . 10
3.2 Useful pp-wave for closed strings: motion in ψ . . . . . . . . . . . . . . . . . 15
3.3 Useful pp-waves for (closed and) open strings on D-branes:
motion on σ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4 Useful pp waves for (closed and) open strings on D-branes:
motion in φ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.5 Useful pp waves for (closed and) open strings on D-branes:
motion in φ+ σ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.6 Open string quantization on the pp-waves . . . . . . . . . . . . . . . . . . . 23
4 Spin chains in the field theory IR limit 25
4.1 Closed string spin chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.2 Closed string eigenenergies and Hamiltonians . . . . . . . . . . . . . . . . . 27
4.3 Sketch of field theory spin chain for open strings on D-branes . . . . . . . . 35
5 Conclusions 37
A 3D superspace 38
A.1 N=1 superspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
A.2 N=2 Chern-Simons-matter theories . . . . . . . . . . . . . . . . . . . . . . . 39
1
1 Introduction
The AdS/CFT correspondence was started in 3+1 dimensions with the duality of N = 4
super Yang-Mills (SYM) and string theory in an AdS5 × S5 background [1] (see [2] for
an introduction to the correspondence). But many of the results obtained there were
dependent on the large amount of symmetry, including supersymmetry and conformal
invariance, so it was not clear a priori how much of it could be applied to the case of
most interest, QCD. Then in 2+1 dimensions the ABJM duality between the N = 6
supersymmetric SU(N) × SU(N) superconformal Chern-Simons (CS) gauge theory and
strings in an AdS4×S7 background was used as a toy model mostly for condensed matter
purposes, but again the large amount of symmetry stands in the way of generalizing the
lessons observed there to physical contexts.
But an interesting duality was proposed by Guarino, Jafferis and Varela (henceforth
GJV) in [3] that combines some of the best features of both cases, but with less symmetry
and more parameters, offering the possibility of getting a little closer to real world pre-
dictions. On the gravity side it has a background solution of the massive type IIA string
theory of the type of a warped, squashed AdS4 × S6, and on the field theory side it was
proposed that we have an IR fixed point for an N = 2 supersymmetric 2+1 dimensional
SU(N) SYM gauge theory obtained from the N = 8 one through deforming by a super-
symmetric CS terms at level k. The CS level is related to the Romans mass m of type IIA
by k = 2pilsm.
Like the ABJM theory, this theory is potentially rich for condensed matter phenomenol-
ogy (as we said, the ABJM model is the standard toy model for condensed matter), yet
because of its low amount of supersymmetry and extra parameter, can be closer to realistic
models. The presence of Chern-Simons terms means first of all relevance to anyonic physics
(see for instance [4] for a review). Also, since the standard description of the Fractional
Quantum Hall Effect (FQHE) involves Chern-Simons terms (see the lectures [5]), one can
hope to embed a holographic description of the FQHE in the GJV background, perhaps
modified, like it was done in the case of the ABJM model in [6–8] (description corrected
in [9]). The ABJM model has been also at the center of attempts to describe the quantum
critical phase [10–12], and compressible Fermi surfaces [13], but its lack of flexibility (and
of parameters) hampered a precise description; perhaps now it will have a better chance.
Another area of interest for theories in 2+1 dimensions with Chern-Simons terms is
particle-vortex duality. A path integral formulation was started in [14], and developed and
embedded in the ABJM model in [15]. An Sl(2,Z) action on states [14], including particle-
vortex duality, was shown to constrain correlators of CFTs [5], and similar constraints were
found from AdS/CFT in [16]. Moreover, particle-vortex duality was shown to be part of a
web of dualities for 2+1 dimensional theories with Chern-Simons terms, whose basic unit
is a fermionic version of particle-vortex duality [17–19], and which can give information
about condensed matter systems. It is likely that the CS-SYM theory dual to the GJV
background can be embedded in a web of dualities also, though we have not yet considered
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this.
It is well known that the de Wit-Nicolai four dimensional N = 8 SO(8)-gauged super-
gravity can be obtained by a consistent truncation of the eleven dimensional supergravity
on the seven sphere [20–22]. On the other hand, it has been shown that this solution be-
longs to a parametric family of supergravities whose parameter, ω ∈ [0, pi/8], is given by a
linear combination of the SO(8) electric and magnetic gauge fields. From this perspective,
the de Wit-Nicolai solution corresponds to the purely electric case [23–25].
Naturally, one would like to know if this parametric family of supergravity solutions
can be embedded into the string/M-theory framework. Unfortunately, it has been recently
proved [26] that we cannot give a general stringy interpretation for this family of solutions
and that de Wit-Nicolai supergravity solution is an exceptional point in this one-parameter
space. Remarkably, there are also dyonic supergravity solutions with symmetry group
ISO(7), which is closely related to the group SO(8), and with consistent embeddings of
its purely electric case into the D = 11 supergravity through consistent truncations on
S6 × S1 [24, 27,28].
In contrast to the SO(8)-dyonic solution, it has been shown that the ISO(7)-dyonically
gauged supergravity solutions can be obtained from a massive type IIA solution compact-
ified on a squashed six-sphere, provided that the magnetic coupling constant is identified
with the Romans mass [3, 29–32].
Given that the internal manifold is (topologically) a sphere, one can conjecture that the
origin of this ISO(7) solution is the near-horizon of a stack of N D2-branes probing flat
space with a Chern-Simons term inducing the Romans mass on the brane worldvolume.
Using this brane construction, it is conceptually important to replace the transverse flat
space by something more general, for example, a Calabi-Yau singularity.
Therefore, taking N D2-branes probing a Calabi-Yau threefold singularity in massive
type IIA supergravity, the field theory on the brane worldvolume is an N = 2 Chern-
Simons quiver gauge theory with group U(N)G, where G is the Euler number of the
resolved manifold, which flows to a field theory dual to a resolution of N = 2 AdS4 × S6
in the low energy limit [33].
In a previous paper by two of the authors [34], the analysis of the GJV/CS-SYM duality
was started, with the study of various semi-classical observables, such as baryon vertex
operators, which are dual to wrapped branes; Wilson loops, the anomalous dimensions of
operators of high spin coming from large strings, and giant gravitons that are D-branes
moving on cycles. Furthermore, the analysis of giant magnons was started in the same
work.
In this paper, we consider the analysis of spin chains in the duality, based on the model
of the closed string spin chain, dual to the Penrose limit, defined in [35], and of the open
string spin chain, first defined in [36], applied to the ABJM case, for open strings ending
on D-branes, in [37]. We first find a Penrose limit whose closed string excitations on the
pp-wave give a closed spin chain. We then find Penrose limits for which the open string
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excitations, for strings ending on D-branes in the pp-wave, give open spin chains embedded
into larger operators.
The paper is organized as follows. In section 2 we present the GJV/CS-SYM duality:
after a review of the gravity solution, we discuss in some detail the general CS-SYM field
theories, and the particular case of the dual to the gravity solution, with emphasis on the
IR physics. In section 3 we present the relevant Penrose limits of the GJV geometry. We
start with a classification of the useful null geodesics, namely ones that move on isometry
directions, corresponding to a large charge in the field theory. These are then analyzed
separately: motion in a direction ψ for closed strings, and in possible directions σ, φ, and
σ + φ for open strings. Then in section 4 we analyze the spin chains dual to the Penrose
limits: we analyze in some detail the one for closed strings, and then we sketch the one
for open strings, as we could not match properly with the field theory. In section 5 we
conclude. The Appendix contains N = 1 theories and N = 2 supersymmetric CS-matter
theories in 3 dimensions in superspace.
2 The duality: N = 2 superconformal Chern-Simons theo-
ries vs. AdS4 × S6 background
The duality proposed in [3] is between a well-defined gravitational background, and a CS-
SYM gauge theory in 2+1 dimensions, which is defined somewhat implicitly, so in this
section we will define it better.
We start with a review of the warped, squashed AdS4 × S6 solution of [3,33]. We then
consider the relevant N = 2 CS matter theories [38,39], and specialize them to our case.
2.1 Warped, squashed AdS4×S6 geometry
Borrowing the conventions of ref. [34], the GJV solution [3,33] takes the following form in
string frame
ds2 = eφ/2+2A
(
ds2AdS4 +
3
2
dα2 +
6 sin2 α
(3 + cos 2α)
ds2CP2 +
9 sin2 α
(5 + cos 2α)
η2
)
,
≡ L2string
(
ds2AdS4 +
3
2
dα2 + Ξds2CP2 + Ωη
2
)
4
eφ = eφ0
(5 + cos 2α)3/4
(3 + cos 2α)
, B = −6L
2eφ0/2
√
2 sin2 α cosα
(3 + cos 2α)
J − 3L
2eφ0/2√
2
sinαdα ∧ η,
F˜0 =
1√
3Le5φ0/4
,
F˜2 = −
√
6L
e3φ0/4
(
4 sin2 α cosα
(3 + cos 2α)(5 + cos 2α)
J + 3(3− cos 2α)
(5 + cos 2α)2
sinα dα ∧ η
)
,
F˜4 =
L3
eφ0/4
(
6vol(AdS4)− 12
√
3
(7 + 3 cos 2α)
(3 + cos 2α)2
sin4 α vol(CP2)
+ 18
√
3
(9 + cos 2α) sin3 α cosα
(3 + cos 2α)(5 + cos 2α)
J ∧ dα ∧ η
)
, (2.1)
where α ∈ [0, pi], η ≡ dψ + ω, such that dω = 2J , and we have defined the warp factor
e2A = L2(3 + cos 2α)1/2(5 + cos 2α)1/8. (2.2)
As is common practice in the literature, we denote the Romans mass m = F˜0. Explicitly,
we write the AdS4 metric as
ds2AdS4 = − cosh2 ρdt2 + dρ2 + sinh2 ρdΩ2, (2.3)
the CP2 metric as
ds2CP2 = dλ
2 +
1
4
sin2 λ
{
dθ2 + sin2 θdφ2 + cos2 λ(dσ + cos θdφ)2
}
, (2.4)
and the one-form connection as
ω =
1
2
sin2 λ(dσ + cos θdφ). (2.5)
For later convenience, we record the metric on CP2 expressed in terms of left-invariant
one-forms 1:
ds2CP2 = dλ
2 +
1
4
sin2 λ
{
τ21 + τ
2
2 + cos
2 λτ23
}
. (2.6)
where we have defined
τ1 = − sinσdθ + cosσ sin θdφ, τ2 = cosσdθ + sinσ sin θdφ, τ3 = dσ + cos dφ. (2.7)
We also take the opportunity to record the field strength H3 = dB,
H3 =
24
√
2L2e
φ0
2 sin3 α
[3 + cos(2α)]2
dα ∧ J . (2.8)
For constant α and ψ, the internal manifold is topologically CP2, and for λ = pi/2 and
fixed σ we have (topologically) a CP1. The points α = 0 and α = pi correspond to isolated
conical singularities. The isometries of the metric are SO(2, 3) for AdS4 and the SO(7)
1We define vol(CP2) = − 1
2
J ∧ J .
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symmetry of the internal manifold is broken down to SU(3) × U(1) for the CP2 and the
S1 fiber ψ through various warp factors.
The constants in the solution are expressed in terms of the Romans mass m and another
parameter g 2 by
L2 ≡ 2−5/83−1g−25/12m1/12 and eφ0 ≡ 21/4g5/6m−5/6 . (2.9)
Charge quantization in this background leads to (see [3, 33,34])
m = F˜0 =
k
2pi`s
, (2.10)
where k ∈ Z is an integer that will be associated with the CS level in the field theory dual
and `s =
√
α′ is the string length, and allows the relations
L =
pi3/8`s
27/4837/24
(kN5)1/24; eφ0 =
211/12pi1/2
31/6
1
(k5N)1/6
⇒
L2string =
21/6pi
32/3
(
N
k
)1/3
`2s
√
5 + cos 2α , (2.11)
where N ∈ N will be associated with the rank of the gauge group in the field theory dual.
2.2 CS-SYM field theory action
The conjecture of [3] relates the supergravity solution of [3,33] to the IR fixed point of the
field theory on a stack of N D2-branes with Romans mass deformation m.
The worldvolume field theory on a stack of N D2-branes in flat space is an N = 8 D = 3
SYM theory with gauge group SU(N), containing the gauge field, 7 scalars (the transverse
directions to the D2-brane) and 8 fermions, all of them in the adjoint representation of the
gauge group.
Similarly to the ABJM case, the fixed point for the D2-brane theory on a background
with a mass deformation m induces a Chern-Simons term on the D2-brane worldvolume,
SCS =
k
4pi
∫
Tr
(
A ∧ dA+ 2i
3
A ∧A ∧A
)
, (2.12)
where k ∈ Z is the Chern-Simons level [3, 33], which is related to the Romans mass by
k = 2pilsm.
The Chern-Simons term by itself breaks all the supersymmetries, but by supersym-
metrizing it and adding appropriate couplings, we can preserve up to N = 3 supersymme-
tries [3, 28,29,31,32].
The GJV gravitational solution is an N = 2 background in massive type IIA, so the
conjectured field theory dual should have the same amount of supersymmetry. In N = 2
2From the point of view of the four dimensional dyonic supergravity theory, these constants correspond
to the magnetic and electric couplings, respectively.
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notation, the IR fixed point theory has an SU(N) vector multiplet V and three chiral
multiplets Φi for i = 1, 2, 3. The theory has a superpotential given by
W = gTr (Φ1[Φ2,Φ3]) = g
12
ijkf
abcΦaiΦ
b
jΦ
c
k , (2.13)
with all fields in the adjoint of SU(N). The field content and superpotential are exactly
the same as in 4D N = 4 SYM [2,40].
The theory has an U(1)×SU(3) symmetry, where the U(1) = SO(2) is the R-symmetry,
and SU(3) rotates the complex scalars in the chiral multiplets. As we saw, this symmetry
is realized in the dual gravitational background as the isometry of the internal space:
the deformation (squashing) of the six-sphere breaks the original SO(7)-isometry down to
SU(3) × U(1), respectively the isometries of CP2 and the S1 parametrized by the fiber
coordinate ψ in the geometry.
The chiral superfield is expanded as usual into a scalar φ, a fermion ψ and an auxiliary
field F ,
Φ = φ+
√
2θψ + θθF. (2.14)
Note that the dimension of the superpotential coupling is [g] = 1/2, so the superpo-
tential term dominates at low energies (in the IR, close to the conformal point). Other
dimensions are [Dα˙] = [dθ] = 1/2, [θ] = 1/2, whereas [Φ] = [φ] = 1/2.
Superconformal CS theories in 2+1 dimensions have been studied by Schwarz [38],
Gaiotto and Yin [39]. The CS matter action in the presence of a superpotential W can be
written as (see appendix A for more details)
S = SCS + Sm + Ssp , (2.15)
and the complete expression is given in (A.34). The superpotential action is
Ssp = −2
∫
d3xTr
(
∂W(φ)
∂φi
∂W(φ)
∂φ¯i
+
1
4
∂2W(φ)
∂φi∂φj
ψiψj +
1
4
∂2W(φ)
∂φ¯i∂φ¯j
ψ¯iψ¯j
)
= −
∫
d3x
(
g2ijkipq
8
(fabcφbjφ
c
k)(f
adeφ†dp φ
†e
q ) +
g
4
ijk[ψ
a
i (f
abcψbjφ
c
k) + (f
abcφ†ck ψ¯
b
j)ψ¯
a
i ]
)
= −
∫
d3x
(
g2ijkipq
4
Tr ([φj , φk][φ
†
p, φ
†
q]) +
g
2
ijkTr (ψi[ψj , φk]) +
g
2
ijkTr ([φ
†
i , ψ¯j ]ψ¯k)
)
.
(2.16)
Note that the CS and matter terms in the action are conformal, but the superpotential
term is not.
The sextic (conformal) potential term for the scalars in (A.34),
Hint,1 = −16pi
2
k2
Tr
(
φi†T aφi
)
Tr
(
φj†T bφj
)
Tr
(
φk†T aT bφk
)
, (2.17a)
can be rewritten as
Hint,1 =
4pi2
k2
Tr
(
[[φi†, φi], φk†][[φj†, φj ], φk]
)
. (2.17b)
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The other term in the scalar potential is the non-conformal one that comes from the
superpotential, which, since ijkipq = 2δ
jk
pq , is
g2
2
Tr
(
[φi, φj ][φ
i†, φj†]
)
. (2.18)
Comments on dimensions and the IR fixed point
In order to understand the IR fixed point of the above theory, we must understand the
dimensions of various quantities relevant in the IR, and what is the interaction term relevant
in the IR.
Gaiotto and Yin [39] consider the case of a system of D2-branes and D6-branes in
massive type IIA theory, with a superfield Φ1 corresponding to the D2-brane coordinates
transverse to the D6-brane (overall transverse), and Φ2,Φ3 to the D2-brane coordinates
parallel to the D6-brane (relative transverse), whereas Q, Q˜ are the “bifundamental”, or
D2-D6, coordinates. Then they consider the superpotential in the IR
W = Tr [Φ1[Φ2,Φ3]] + Q˜Φ1Q , (2.19)
where, due to quantum corrections, in the IR we have Φ1 of dimension 1 (whereas the fields
Φ2,Φ3, Q, Q˜ have the classical dimension 1/2), so that W is a marginal operator, i.e. it
has the classical dimension of 2.
But this is only possible because in the IR Φ1 is auxiliary, i.e. it has lost its kinetic
term
∫
d4θΦ¯1Φ1, which would have meant (since θ has always dimension 1/2) the classical
dimension 1/2. Then in fact we can introduce a further auxiliary term Tr Φ21/2, which
means that by eliminating it we obtain the usual quartic potential for Φ2,Φ3, Q, Q˜,
W = 1
2
Tr [([Φ3,Φ3] + Q˜Q)
2]. (2.20)
But that was only possible since we have singled out Φ1, as being the superfield for the
coordinates transverse to the D6-branes (overall transverse), and to the fact that in the
IR, quantum corrections dominate and kill the kinetic term for Φ1. In their absence, this
should not be possible. Then Φ1,Φ2,Φ3 should appear symmetrically in the action, and
this is the case that we have now.
In fact, [3] argue that Φ1,Φ2,Φ3 have R-charge qR = 2/3, which would mean that W
has R-charge 2. As an operator, W can stay chiral if ∆ = qR, so that would mean that
the dimensions of Φ1,Φ2,Φ3 are also 2/3, for a total dimension of 2. However, then, while∫
d2θW has still dimension 3, as needed (∫ d2θ always has the classical dimension), this
would only generate the
∂W
∂φu
F i (2.21)
term in the action, with the understanding that F i has the dimension [Φ]− [θθ¯] = [Φ]+1 =
5/3. But that is only possible, again, if there is no kinetic term
∫
d4θΦ¯Φ in the action,
i.e. if the quantum corrections have renormalized it away, by multiplying it with a factor
8
µδ, where µ is the renormalization scale and δ the anomalous dimension of the kinetic
operator. Besides losing the dynamics of Φi, this would mean that now there is no F
2
i term
anymore, so eliminating Fi we now obtain instead
∂W
∂φi
= 0⇒ [φi, φj ] = 0. (2.22)
But that is the same condition as would be obtained by considering instead a super-
potential with coefficient g of dimension 1/2, understood in the quantum theory as having
dimension coming from a µδ factor, which therefore would dominate at low energies. Then
the potential coming from it must be put to zero at low energies, again obtaining
[φi, φj ] = 0. (2.23)
The relation between the two pictures described above is a rescaling of the Φi’s by g
1/3,
which would imply that after it, the kinetic term has a coefficient with dimension. Either
way, the result is the same, namely φi’s should commute in order to avoid having an infinite
potential term in the IR.
But that still leaves us with the conformal term in the potential, which survives the IR
limit unchanged. This is given in (2.17b).
Then in the IR (at low energies), for the picture with mass dimension [g2] = 1, there
will be no conformal point unless the commutator of φi’s vanishes, which means that we
will be restricted to live on the space of solutions with
[φi, φj ] = 0, ∀ i 6= j. (2.24)
Note that this still leaves the possibility that [φi, φ¯i] 6= 0. Indeed, this is needed in order
to have the conformal term in the potential be nonzero.3
3 Penrose limits of the GJV background
In this section we will study various Penrose limits [35,41] 4 of the GJV background from
the last section. For any Penrose limit, near a null geodesic moving in any direction x in
3Indeed, note that for instance[(
1 a
0 1
)
,
(
1 0
a∗ 1
)]
= |a|2
(
1 0
0 −1
)
, (2.25)
as an example of such a case for N = 2 (in the SU(2) gauge group case). Moreover, it is possible to have
also [φi, φj ] = 0, yet [φi, φ¯j ] 6= 0, for instance[(
1 a
0 1
)
,
(
1 b
0 1
)]
= 0 , (2.26)
yet [(
1 a
0 1
)
,
(
1 0
b∗ 1
)]
= ab∗σ3. (2.27)
4See also [2, 42–50] for a non-exhaustive list of references.
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the background, we can consider in principle closed strings or open strings and quantize
them (find the worldsheet Hamiltonian). Closed strings would be dual to a spin chain that
selects the scalar Z dual to the direction x as special.
Alternatively, we can consider giant gravitons, i.e. D-branes wrapping some cycle and
moving at the speed of light, and the Penrose limit near a null geodesic moving in a
direction y along the giant gravitons. Then consider open strings ending on the D-brane,
in the Penrose limit, i.e. open string states on the pp-wave, corresponding to open strings
moving on the D-brane in this direction y.
Either way, the starting point for all these exercises is finding the Penrose limit near
a null geodesic moving in some direction in the background. In this section, we turn our
attention to this task and study various Penrose limits of the geometry (2.1). Case by case,
we find it convenient to shift the ω term by a constant piece that does not change J , so it
does not affect the solution.
3.1 Useful null geodesics for Penrose limit
The only thing we need strictly speaking in order to define a Penrose limit is a null geodesic.
We will however also consider the concept of a “useful limit”, which will mean for us a
Penrose limit in an isometry direction. This should correspond in the dual field theory to
a spin chain that singles out a large charge J for the corresponding field theory symmetry.
The equation of motion for a null geodesic parametrized by λ, moving in 10D spacetime
with coordinates xi, is
0 =
d2xi
dλ2
+Γijk
dxj
dλ
dxk
dλ
=
d2xi
dλ2
+
1
2
gil(∂kglj+∂jglk−∂lgjk)dx
j
dλ
dxk
dλ
; ∀ i = 0, 1, ..., 9. (3.1)
If we have motion (velocity) in the direction xλ, that is dxi/dλ = δiλ, we need have no
acceleration in the other directions, so
Γiλλ = 0⇒ 2gil∂λglλ − gil∂lgλλ = 2gil∂λglλ − ∂igλλ = 0. (3.2)
Note that we also have dt/dλ = c (constant), but we will deal with static metrics, ∂tgij = 0,
and also diagonal metrics with g0i = g
0i = 0. Thus, it is easy to see that the geodesic
equation for i = t is satisfied, and moreover j, k = t does not contribute to the equations
for i 6= t.
Moreover, if we consider motion in an isometry direction, i.e. a direction for which
∂λgµν = 0, then the condition becomes simply
gil∂lgλλ = ∂
igλλ = 0. (3.3)
The three internal isometry directions of the GJV metric are σ, ψ, φ, since as we can
see, ∂σgµν = ∂φgµν = ∂ψgµν = 0.
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Thus in our case, the metric is a matrix in the (σ, φ, ψ) (isometries) space, and is
diagonal in the (α, λ, θ) (non-isometries) space. Specifically, we have
gσσ
L2string(α)
=
Ξ
4
sin2 λ cos2 λ+ Ω
(
sin2 λ
2
− 1
4
)2
= fct.(α, λ)
gσφ
L2string(α)
=
(
Ξ
4
sin2 λ cos2 λ+
Ω
4
sin4 λ
)
cos θ = fct.(α, λ, θ)
gφφ
L2string(α)
=
Ξ
4
sin2 λ(sin2 θ + cos2 λ cos2 θ) +
Ω
4
sin4 λ cos2 θ = fct.(α, λ, θ)
gψφ
L2string(α)
=
Ω
2
sin2 λ cos θ = fct.(α, λ, θ)
gψσ
L2string(α)
=
Ω
2
sin2 λ = fct.(α, λ)
gψψ
L2string(α)
= Ω = fct.(α). (3.4)
Note, in displaying the above metric, we have allowed for a shift ω → ω − dσ/4, which
doesn’t change the solution.
While we can consider in principle the Penrose limit around any null geodesic, it is
more useful to consider the motion around null geodesics in isometry directions, since that
guarantees, as we said, that in the dual field theory we have a spin chain with some large
charge J associated with a symmetry direction matching the isometry of the geodesic. As
we emphasized, we can consider closed strings for Penrose limits in any of the (σ, φ, ψ)
directions, and they would correspond to spin chains with some large charge in the field
theory.
But in particular, we will be interested in the Penrose limit for the motion in ψ, since as
we said, this is the U(1) isometry corresponding in the field theory to the U(1) R-symmetry.
Thus, we will be considering closed strings, and giant gravitons, i.e. D4-branes wrapping
the CP2 and moving at the speed of light, both in the ψ direction. These objects have to
be situated at a point in AdS4 (i.e. we consider the null geodesic fixed at a point in AdS4),
usually taken to be the center, ρ = 0. The rest of the conditions on the position of the null
geodesic need to be defined by the need to get a nontrivial pp-wave (corresponding to a
nontrivial spin chain in field theory) and by the solutions to the geodesic conditions (3.3).
Given the above considerations, the motion of the open strings attached to the giant
graviton is described by the Penrose limit of null geodesics around another isometry di-
rection, one that can be considered parallel to the D4-branes, i.e. along the CP2. This
means either σ or φ, or even σ + φ, or some other combination of them. For both motion
in σ and φ, it is natural to consider an expansion around θ = pi/2, since in the φ case we
want the coefficient sin2 θ of the free dφ2 (the one not mixing with dσ) to be nonzero, and
more specifically extremum (maximal), and in the σ case, we want σ not to mix with φ,
so cos θ = 0. On the other hand, for motion in σ+ φ, we want to have this combination in
the metric, so we need cos θ = 1, i.e. θ = 0.
Case 1: motion in ψ
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We remind the reader that here we consider the shifted ω, i. e. ω → ω − 1/4dσ. Now
gψψ is, as we saw, only a function of α, so the geodesic conditions reduce to
gαα∂αgψψ =
2
3
1
L2string
∂α(L
2
stringΩ) = 0 , (3.5)
which implies,
Ω∂α lnL
2
string + ∂αΩ =
9(22 sin 2α+ sin 4α)
4(5 + cos 2α)2
= 0 . (3.6)
The solutions to this equation are α = 0, pi/2, pi, but in order to have a nontrivial Penrose
limit we need to have a nonzero metric gψψ, which means sin
2 α = 1.
That leaves only α = pi/2 as a possibility. As usual, we choose also ρ = 0, meaning
that the geodesic is fixed at the center of AdS4, and λ = 0, though any λ0 would do.
Case 2: motion in σ
The geodesic conditions,
gφφ∂φgσσ = g
ψψ∂ψgσσ = 0 , (3.7)
are automatically satisfied since ψ and φ are isometric directions, and
gθθ∂θgσσ = 0 (3.8)
(as well as the similar ones in the AdS directions) are satisfied since ∂θgσσ = 0.
We are left to satisfy the conditions:
gαα∂αgσσ =
1
6
[
−
(
sin2 λ cos2 λ
6 sin2 α
3 + cos 2α
+
(
sin2 λ− 1
2
)2 9 sin2 α
5 + cos 2α
)
sin 2α
5 + cos 2α
+ sin2 λ cos2 λ
(
12 sin2 α sin 2α
(3 + cos 2α)2
+
6 sin 2α
3 + cos 2α
)
+
(
sin2 λ− 1
2
)2(18 sin2 α sin 2α
(5 + cos 2α)2
+
9 sin 2α
5 + cos 2α
)]
= 0 , (3.9)
which has the solution sin 2α = 0, so α = 0 or α = pi/2, and the condition
gλλ∂λgσσ =
sin2 α sin 4λ
8(5 + cos 2α)
= 0 , (3.10)
which has the solution α = 0, pi or sin 4λ = 0, so that λ = pi/4.
But we need sin2 λ cos2 λ 6= 0, in order to have a nontrivial metric for σ, along which
we move. This selects λ = pi/4 as the unique solution for the second equation above. We
also need sin2 α 6= 0 for the same reason, which selects α = pi/2 as the unique solution for
the first equation.
All in all, we see that the unique solution for motion in σ is λ = pi/4, α = pi/2, θ = pi/2,
ρ = 0. Note also that having θ = pi/2, from dθ2 + sin2 θdφ2, it follows that we need also
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to fix φ = 0 for the geodesic (actually, any φ = φ0 would do, since it is an isometry, but it
makes no difference). Also we need ψ = ψ0, which again we can choose ψ = 0.
Case 3: Motion in φ
In this case, we consider the original unshifted ω (2.5). The geodesic conditions
gσσ∂σgφφ = g
ψψ∂ψgφφ = 0, (3.11)
are automatically satisfied since ψ and σ are isometric directions, and
gij∂jgφφ = 0 , (3.12)
where i are the AdS directions, are satisfied since ∂igφφ = 0.
The condition
gθθ∂θgφφ = 0, (3.13)
implies
0 = sin2 α sin 2θ sin2 λ , (3.14)
which has the solutions α = 0, θ = 0, pi/2 and λ = 0. Observe that shifting ω does not
increase the possible solutions, so we have not considered it.
The condition
gλλ∂λgφφ = 0 (3.15)
implies
sin 2λ
(
sin2 θ + cos2 θ cos 2λ+ 2
Ω
Ξ
cos2 θ sin2 λ
)
= 0 , (3.16)
which has the only solution sin 2λ = 0, i.e. λ = 0 or pi/2. Again, we remark that shifting
ω does not help increase the number of solutions.
The condition
gαα∂αgφφ = 0 (3.17)
becomes
−1
4
[Ξ sin2 λ(sin2 θ + cos2 λ cos2 θ) + Ω sin4 λ cos2 θ]
sin 2α
5 + cos 2α
+6 sin2 λ(sin2 θ + cos2 λ cos2 θ)
sin 2α
(3 + cos 2α)2
+
27
2
sin4 λ cos2 θ
sin 2α
(5 + cos 2α)2
= 0 , (3.18)
which has as solutions sin 2α = 0 or sinλ = 0, i.e. α = 0 or pi/2 or λ = 0.
We now see that λ = pi/2 solves the second equation. Indeed, since we need sin2 λ
(from the coefficient of the metric in φ direction) to be nonzero, λ = pi/2 is the unique
valid solution. We also need sin2 α 6= 0 for the same reason, which means that the unique
valid solution to the last equation is α = pi/2.
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All in all, in this case, we need to expand around the geodesic with λ = pi/2, α = pi/2,
θ = pi/2. Also as usual, ρ = 0 (the center of AdS), is chosen by convention (we can always
change coordinates in order to put the center where we want).
Case 4: Motion in φ+ σ
Note that in this case it is natural to take θ = 0. However, we will obtain this condition
from the null geodesic conditions. We first define
σ′ =
σ + φ√
2
; φ′ =
σ − φ√
2
, (3.19)
so that, also replacing now ω → ω − dσ/4− dφ/4, we have
ds2CP2 = dλ
2 +
sin2 λ
4
dθ2 +
sin2 λ
8
(
[sin2 θ + cos2 λ(1 + cos θ)2]dσ′2
+[sin2 θ + cos2 λ(1− cos θ)2]dφ′2 − 2 sin2 θ sin2 λdσ′dφ′
)
,
η = dψ +
(sin2 λ− 1/2)
2
dσ′+dφ′√
2
+
(sin2 λ cos θ − 1/2)
2
dσ′ − dφ′√
2
. (3.20)
The null geodesic conditions are then
gil∂lgσ′σ′ = 0 , (3.21)
where
gσ′σ′
L2string(α)
=
Ξ
8
sin2 λ[sin2 θ + cos2 λ(1 + cos θ)2] +
Ω
8
(sin2 λ(1 + cos θ)− 1)2. (3.22)
The conditions
gφ
′φ′∂φ′gσ′σ′ = g
ψψ∂ψgσ′σ′ = 0 (3.23)
are satisfied since φ′ and ψ are isometries, and
gii∂igσ′σ′ = 0 (3.24)
since gσ′σ′ is independent on the AdS coordinates i. Then
gθθ∂θgσ′σ′ = −sin
2 α sin θ[cos2(θ/2) cos 2λ+ sin2(θ/2)]
5 + cos 2α
, (3.25)
has the unique solution sin θ = 0, i.e. θ = 0. Also,
gλλ∂λgσ′σ′ =
cos2(θ/2) sin2 α sin 2λ[cos 2λ+ tan2(θ/2)]
2(5 + cos 2α)
, (3.26)
when evaluated at θ = 0, becomes
sin2 α sin 4λ
4(5 + cos 2α)
= 0, (3.27)
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with solutions sin 4λ = 0, i.e. λ = 0, pi/4, pi/2, 3pi/4 and α = 0.
But since we want sin2 λ cos2 λ 6= 0 for a nontrivial Penrose limit, we must choose
λ = pi/4. Finally, the remaining geodesic condition,
gαα∂αgσ′σ′ = −1
8
[Ξ(sin2 λ sin2 θ + cos2 λ(1 + cos θ)2 + Ω(sin2 λ(1 + cos θ)− 1)2] sin 2α
5 + cos 2α
+
1
3
[sin2 λ sin2 θ + cos2 λ(1 + cos θ)2]
sin 2α
(3 + cos 2α)2
+
27
4
[sin2 λ(1 + cos θ)− 1]2 sin 2α
(5 + cos 2α)2
= 0 , (3.28)
has the solution sin 2α = 0, or α = 0, pi/2. Since we want sin2 α 6= 0, we must use α = pi/2.
In conclusion, the geodesic is θ = 0, λ = pi/4, α = pi/2, as well as ρ = 0 and ψ = 0 as
valid choices (we could use ψ0).
3.2 Useful pp-wave for closed strings: motion in ψ
In this subsection we consider the Penrose limit of the GJV solution near a null geodesic
moving on the U(1) isometry coordinate ψ, which is dual to R-symmetry. As highlighted in
the previous section (case 1) we should expand around α = pi/2, λ = 0 and ρ = 0. Before
proceeding, it is worth noting that there are no pp-wave solutions to a massive theory,
so in the process of zooming in on the null geodesic, the final solution we encounter is a
solution to massless IIA supergravity. Therefore, ensuring that the equations of motion of
the theory are satisfied provides an important consistency check that we have performed
the limit correctly.
To perform the Penrose limit, we first rescale as usual the coordinates in the vicinity
of the null geodesic, consistent with α = pi/2, λ = 0, ρ = 0, for the R ≡ eφ04 L → ∞ limit
(the near-geodesic limit) 5
t =
t˜√
2
, ψ =
√
2
3
ψ˜ t˜ = x+ +
x−
R2
, ψ˜ = x+ − x
−
R2
,
α =
pi
2
+
u√
3R
, ρ =
ρ˜√
2R
, λ =
x√
6R
. (3.29)
Taking the limit R→∞, the metric reduces to
ds2pp =− 4dx˜+dx˜− + du2 + dρ˜2 + ρ˜2dΩ22 + dx2 +
x2
4
3∑
j=1
τ2j
−
(
u2
2
+
ρ˜2
2
)
(dx˜+)2 +
x2
2
√
2
τ3dx˜
+ .
(3.30a)
5Observe that the limit R →∞, corresponds to the case where (m, g)→ 0, with eφ0 ∼ ( g
m
)5/6
is fixed
and L2 ∼
(
m
g25
)1/12
→∞.
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Changing from spherical (ρ˜, ϑ, ϕ) to Cartesian coordinates (y1, y2, y3), and using the
Hopf map coordinates (z1, z2) =
(
x sin θ2e
i
2
(σ−φ), x cos θ2e
i
2
(σ+φ)
)
for C2, we have
ds2pp =− 4dx˜+dx˜− + du2 +
3∑
i=1
(dyi)
2 +
2∑
j=1
dzjdz¯j
−
(
u2
2
+
1
2
3∑
i=1
y2i
)
(dx˜+)2 − i
2
√
2
2∑
j=1
(z¯jdzj − zjdz¯j) dx˜+ .
(3.30b)
In order to write this metric in the standard Brinkmann pp-wave form [51], so that it is
quadratic in transverse coordinates,
ds2pp = −4dx+dx− +
8∑
i=1
dX2i +Aij(x
+)XiXj(dx
+)2 , (3.31)
we consider the scaling
x˜+ =
√
2x+, x˜− =
x−√
2
, zj = e
− i
2
x+wj , z¯j = e
i
2
x+w¯j . (3.32)
Finally, we get
ds2pp = −4dx+dx− + du2 +
3∑
i=1
(dyi)
2 +
2∑
j=1
dwjdw¯j
−
u2 + 3∑
i=1
y2i +
1
4
2∑
j=1
|wj |2
 (dx+)2 . (3.33)
We can also take the same limit on the remaining fields, with the result,
eφ =
√
2eφ0 , H3 = 0,
F˜0 = 0, F˜2 = −e
−φ0
√
2
du ∧ dx+, F˜4 = 3e
−φ0
√
2
dx+ ∧ dy1 ∧ dy2 ∧ dy3 . (3.34a)
To confirm that there is no mistake, it is prudent to check the geometry is indeed a solution
to massless IIA supergravity. For our purposes, we will confine our attention to the Einstein
equation,
Rµν + 2∇µ∇νφ− 1
4
H23µν = e
2φ
[
1
2
(F˜2)
2
µν +
1
12
(F˜ 24 )µν −
1
4
gµν
(
1
2
F˜ 22 +
1
24
F˜ 24
)]
, (3.35)
where further details of notation can be found in [52]. The immediate advantage of
Brinkmann coordinates is that the only nonzero component of the Ricci tensor is R++ =
−12∇2g++, where we have introduced the Laplacian on the eight-dimensional space trans-
verse to the null-coordinates (x+, x−). A quick calculation reveals that R++ = 5 and this
is the only nonzero term on the LHS of equation (3.35). Evaluating the RHS, one confirms
the same result, so that the Einstein equation is satisfied.
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However, even without checking the Einstein equation, we know the solution is correct.
In particular, it can be checked that the above pp-wave solution is the same as the Penrose
limit of the AdS4×CP3 spacetime [48,53], which allows us to import the following analysis
from the literature [37,41].
The metric, which is warped product of AdS4 with a squashed S
6, has isometry
SO(2, 3)×SU(3)×U(1), with the U(1) R-symmetry. In the Penrose/large R-charge limit,
the U(1) combines with the SO(2) (scaling) part of SO(2, 3), becoming the U(1)∆+R ≡
U(1)± of the field theory. The Penrose limit of the gravitational background rearranges
and breaks the isometry into
U(1)± × SO(3)r × U(1)u × SO(3)→ U(1)R × SU(2)r × U(1)u × SU(2)L. (3.36)
Here SO(3)r = SU(2)r rotates the coordinates y1, y2, y3, U(1)u gives translations along u
and SU(2)L acts on the complex coordinates w1, w2. Note that these would be four real
coordinates, acted upon by SO(4) = SU(2)L × SU(2)R, were it not for the redefinition
(3.32), which breaks SU(2) to its Cartan subalgebra, the action with e+iα and e−iα on
the diagonal, which is identified with U(1)±, since x+ takes the role of the α parameter in
(3.32).
In this case, we find for the lightcone momenta on the pp wave, in terms of the anoma-
lous dimension ∆ of the field theory and the charge Jψ associated with motion on ψ in the
gravitational background,
2p− = −p+ = i∂x+ =
√
2i∂x˜+ = i
(
∂t +
2
3
∂ψ
)
= ∆− 2
3
Jψ
2p+ = −p− = i∂x− =
1√
2
i∂x˜− =
i
R2
(
∂t − 2
3
∂ψ
)
=
1
R2
(
∆ +
2
3
Jψ
)
. (3.37)
In the field theory, we will identify 23Jψ with J , the (large) charge of operators. In the
picture where ∆[φi] = 1/2 (as in the classical case), J [φi] = 1/2.
3.2.1 Closed string quantization on the pp wave
Using the definitions of [54], the Green-Schwarz action for the type IIA closed string on
the pp-wave above is found to be (like in the ABJM case)
S =
1
4piα′
∫
dt
∫ 2piα′p+
0
dσ
{
8∑
i=1
[
(X˙i)2 − (X ′i)2
]
−
4∑
A=1
(XA)2
−1
4
8∑
B=5
(XB)2 − 2iΘ¯Γ−
[
∂τ + Γ
11∂σ +
e−φ0
4
√
2
(
Γ1Γ11 + 3Γ234
)]
Θ
} (3.38)
where we consider the identification X1 = u, (y1, y2, y3) ≡ XA = (X2, X3, X4) and finally
(wi, w¯i) ≡ XB = (X5, X6, X7, X8) (see [37, 41]). Therefore, the light-cone Hamiltonian
for the closed string on the pp-wave is (we could rescale x+ by µ as usual, and then H
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would have a common µ factor to give it dimensions, but we keep it like this for ease of
comparison with the field theory)
H =
∞∑
n=−∞
{
4∑
A=1
N (A)n
√
1 +
n2
(α′p+)2
+
8∑
B=5
N (B)n
√
1
4
+
n2
(α′p+)2
}
. (3.39)
If n/(α′p+)  1, we find four modes, corresponding to X1 = u, (X2, X3, X4) =
(y1, y2, y3), with energies
EA ' 1 + 1
2
n2
(α′p+)2
, (3.40)
and four modes, corresponding to (X5, X6, X7, X8), with energies
EB ' 1
2
+
n2
(α′p+)2
. (3.41)
3.3 Useful pp-waves for (closed and) open strings on D-branes:
motion on σ
In this subsection, we consider the Penrose limit of the GJV solution near a null geodesic
moving in the coordinate σ, with α = pi/2, λ = pi/4, θ = pi/2 and ρ = 0 (also φ = 0, ψ = 0),
as we discussed for case 2 in the first subsection. As we mentioned, this limit will be more
useful for open strings on D-branes in the geometry than for closed strings. The D4-brane
giant graviton wraps CP2, i.e. coordinates (λ, θ, φ, σ), and moves in the ψ direction, like
the closed strings. The open strings must move in one of the isometry directions parallel
to the D4-brane, so the σ direction fits the bill.
In order to boost on σ, we consider the transformation σ → σ˜ =
√
3
4 σ and the definitions
t =
1√
2
(
x+ +
x−
R2
)
, σ˜ =
1√
2
(
x+ − x
−
R2
)
, (3.42)
where, as before, R = e
φ0
4 L. To find the required Penrose limit, we consider the expansion
near the null geodesic above, namely
ρ =
ρ˜√
2R
, α =
pi
2
+
v√
3R
, λ =
pi
4
+
x√
6R
, (3.43)
φ =
2√
3
y
R
, θ =
pi
2
+
2√
3
z
R
, ψ =
√
2
3
w
R
. (3.44)
Moreover, for a nontrivial Penrose limit in the direction σ, we make use of the fact that
there is a freedom in the definition of ω in the metric, so that we consider the modification
ω → ω′ = ω − 1
4
dσ , (3.45)
which obeys dω = dω′, as we explained when analyzing case 2 for the Penrose limit. As a
result, we can then write η = dψ + ω′.
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Taking the limit R→∞, the metric becomes a pp-wave,
ds2pp =− 4dx+dx− + dρ˜2 + ρ˜2dΩ22 + dv2 + dw2 + dx2 + dy2 + dz2
+ 2
√
2
(
x
2
dw − z√
3
dy
)
dx+ −
(
ρ˜2
2
+
2v2
3
+
x2
6
)
(dx+)2 ,
(3.46)
and the fields supporting the geometry may be expressed as follows:
eφ =
√
2eφ0 , B = − 1√
3
dv ∧ dw + 1√
6
vdx ∧ dx+ − 1√
6
xdv ∧ dx+ ,
F˜4 =
3
2eφ0
dx+ ∧ ρ˜2 dρ˜ ∧ vol(S2) + 1√
3eφ0
dx+ ∧ dx ∧ dz ∧ dy.
(3.47)
At this stage, we can check that the Einstein equation is satisfied. To aid the reader, we
record that the only nonzero component of the Ricci tensor is R++ =
35
12 . Substituting this
back into the Einstein equation (3.35), we find that it is satisfied.
In contrast to the solution presented in the last section, which preserved twenty-four
supersymmetries, here it is easy to confirm that only sixteen supersymmetries are preserved.
To see this, recall the dilatino variation of type IIA supergravity (see [52] for notation)
δλ =
1
2
/∂φ− 1
24
/Hσ3+
1
8
eφ
[
3
2
/F 2(iσ
2) +
1
24
/F 4σ
1
]
. (3.48)
Plugging in the solution, while ignoring the obvious projection condition that preserves
sixteen supersymmetries, i. e. Γ+ = 0, we encounter the projection condition:
3
√
3
4
Γvxρ˜ϑϕ+
1
2
Γvzy = iσ2. (3.49)
It is easy to convince oneself that this is not a good projection condition and does not
permit any supernumeracy Killing spinors, namely those beyond the obvious sixteen.
To tidy up and bring the pp-wave solution to the standard Brinkmann form, we make
the coordinate transformation
x− → x− +
√
2
8
xw −
√
2
4
√
3
zy , (3.50)
in order to change the g+µ, µ 6= +, term in the metric,
ds2pp = −4dx+dx− + dρ˜2 + ρ˜2dΩ22 + dv2 + dw2 + dx2 + dy2 + dz2
+ 2
√
2
(
1
4
(xdw − wdx)− 1
2
√
3
(zdy − ydz)
)
dx+ −
(
ρ˜2
2
+
2v2
3
+
x2
6
)
(dx+)2.
(3.51)
Defining complex coordinates
z1 = x+ iw , z2 = z + iy , (3.52)
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we obtain
ds2pp = −4dx+dx− + dρ˜2 + ρ˜2dΩ22 + dv2 +
2∑
i=1
dzidz¯i +
√
2i
4
(z1dz¯1 − z¯1dz1) dx+
− i√
6
(z2dz¯2 − z¯2dz2) dx+ −
(
ρ˜2
2
+
2v2
3
+
Re(z1)
2
6
)
(dx+)2. (3.53)
To bring the metric to Brinkmann form (3.31), we consider the coordinate transformations,
z1 = e
− i
√
2x+
4 w1 , z2 = e
ix+√
6 w2 , (3.54)
after which the metric takes the form we want:
ds2pp =− 4dx+dx− +
3∑
i=1
dx2i +
8∑
k=4
dy2k
−
(
1
2
3∑
i=1
x2i +
2y24
3
+
y25 + y
2
6
8
+
y27 + y
2
8
6
)
(dx+)2
− 1
6
[
y5 cos
(√
2x+
4
)
+ y6 sin
(√
2x+
4
)]2
(dx+)2 .
(3.55)
where we have introduced xi, i = 1, 2, 3 to parametrize the ρ˜ directions and have employed
the redefinitions: v = y4, Re(w1) = y5, Im(w1) = y6, Re(w2) = y7, Im(w2) = y8. Rewriting
the remainder of the solution in terms of Brinkmann coordinates, one finds:
B = −
√
2
3
[
y5 cos
(√
2x+
4
)
+ y6 sin
(√
2x+
4
)]
dy4 ∧ dx+ ,
F˜4 =
3e−φ0
2
dx+ ∧ dx1 ∧ dx2 ∧ dx3
+
e−φ0√
3
dx+ ∧
[
cos
(√
2x+
4
)
dy5 + sin
(√
2x+
4
)
dy6
]
∧ dy7 ∧ dy8 . (3.56)
where we have employed gauge symmetry to bring B to the above form.
Given the fact that the energy is E = i∂t, which in the dual field theory corresponds to
the conformal dimension ∆, and that the angular momentum for motion in σ is Jσ = −i∂σ,
the lightcone momenta on the pp-wave are written in terms of ∆ and Jσ as
2p− = −p+ = i∂+ = 1√
2
(
∆− 4√
3
Jσ
)
(3.57a)
2p+ = −p− = i∂− = 1√
2R2
(
∆ +
4√
3
Jσ
)
. (3.57b)
3.4 Useful pp waves for (closed and) open strings on D-branes:
motion in φ
For open strings on D4-brane giant gravitons we have an alternative: take the Penrose limit
on null geodesics moving in the isometry direction φ instead of σ, around θ = pi/2, λ =
pi/2, α = pi/2, ρ = 0, i.e. case 3 in our general analysis.
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We expand these coordinates as follows:
ρ =
ρ˜√
2R
, α =
pi
2
+
v√
3R
, λ =
pi
2
+
x√
6R
, θ =
pi
2
+
√
2
3
z
R
. (3.58)
In addition, we also redefine
σ = 2σ˜, ψ =
√
2
3R
ψ˜ − σ˜, φ = 2√
3
φ˜,
t =
1
2
(
x+ +
x−
R2
)
, φ˜ =
1
2
(
x+ − x
−
R2
)
, (3.59)
so that the metric in the pp-wave limit (R = e
φ0
4 L→∞) becomes,
ds2 = −2dx+dx− − zdψ˜dx+ + dρ˜2 + ρ˜2ds2(S2) + dv2 + dx2 + x2dσ˜2 + dz2 + dψ˜2
−
[
1
3
v2 +
1
4
ρ˜2 +
1
12
x2 +
1
12
z2
]
(dx+)2. (3.60)
We also perform the same limiting procedure on the rest of the solution:
eΦ =
√
2eφ0 ,
F˜4 =
3
2
√
2eφ0
dx+ ∧ ρ˜2dρ˜ ∧ vol(S2) + 1√
6eφ0
dx+ ∧ xdx ∧ dz ∧ dσ˜,
H3 =
1√
3
dx+ ∧ dz ∧ dv. (3.61)
To make sure that everything is correct, one can quickly check that the Einstein equation
(3.35) is satisfied. Note that R++ =
35
24 is the only nonzero component of the Ricci tensor.
Having established that we have taken the pp-wave limit correctly, one can bring it to
the Brinkmann form by redefining 6:
x− → x− − 1
8
sin
x+
2
(w21 − w22)−
1
4
cos
x+
2
w1w2,
z → cos x
+
4
w1 − sin x
+
4
w2,
ψ˜ → sin x
+
4
w1 + cos
x+
4
w2. (3.62)
The end result may be expressed as:
ds2 = −2dx+dx− + dρ2 + ρ2ds2(S2) + dv2 + dx2 + x2dσ2 + dw21 + dw22
−
[
1
3
v2 +
1
4
ρ2 +
1
12
x2 +
1
12
(
cos
x+
4
w1 − sin x
+
4
w2
)2
+
1
16
(w21 + w
2
2)
]
(dx+)2,
eφ =
√
2eφ0 ,
F˜4 =
3
2
√
2eφ0
dx+ ∧ ρ2dρ ∧ vol(S2) + 1√
6eφ0
dx+ ∧ xdx ∧ dz ∧ dσ,
H3 =
1√
3
dx+ ∧
(
cos
x+
4
dw1 − sin x
+
4
dw2
)
∧ dv , (3.63)
6Broken down in terms of steps this transformation involves a shift x− → x−− 1
4
zψ˜ and the redefinition
Z = e
i
4
x+W , where Z = z + iψ˜ and W = w1 + iw2.
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where we have dropped tildes.
It is easy to see from supersymmetry analysis, the details of which we omit, that only
sixteen supersymmetries are preserved.
3.5 Useful pp waves for (closed and) open strings on D-branes:
motion in φ+ σ
Yet another alternative for open strings on D4-brane giant gravitons is to take the Penrose
limit on some combination of σ and φ. We can choose it for simplicity to be σ + φ, as in
case 4 of our general analysis.
Then we must expand around the null geodesic with λ = pi/4, α = pi/2, θ = 0, ρ = 0,
and we can choose ψ = 0. Thus we expand the variables as
θ =
2z√
3R
λ =
pi
4
+
x√
6R
, α =
pi
2
+
v√
3R
ψ =
√
2w
3R
ρ =
ρ˜√
2R
. (3.64)
In addition, we redefine
σ′ = 2
√
2
3
σ˜, φ′ =
√
2φ˜, t =
1√
2
(
x+ +
x−
R2
)
, σ˜ =
1√
2
(
x+ − x
−
R2
)
, (3.65)
to obtain the pp-wave metric,
ds2 = −4dx+dx− + dρ˜2 + ρ˜2dΩ22 + dv2 + dw2 + dx2 + dz2 + z2dφ˜2
−(dx+)2
[
ρ˜2
2
+
2v2
3
+
x2
6
]
+ dx+
[
−
√
2
3
z2 dφ˜+
√
2x dw
]
. (3.66)
Taking the same limit on the rest of the solution, one finds:
eφ =
√
2eφ0 , B =
√
2
3
vdx ∧ dx+,
F˜4 =
3
2eφ0
dx+ ∧ ρ˜2dρ˜ ∧ vol(S2)− z√
3eφ0
dx+ ∧ dx ∧ dz ∧ dφ˜, (3.67)
where we have used gauge symmetry to drop a total derivative from the B-field. Using
R++ =
35
12 , the only nonzero component of the Ricci tensor, it is an easy exercise to convince
oneself that the Einstein equation is satisfied. In fact, it is worth noting that the solution
is modulo coordinate redefinitions and irrelevant signs 7, the same as the pp-wave limit for
motion on the σ direction (3.46). To bring it to the same form, one can introduce cartesian
coordinates z1 = z sin φ˜, z2 = z cos φ˜, in addition to shifting x
− → x−+1/(2√6)z1z2. As
a result, the rewriting of the pp-wave in terms of Brinkmann coordinates reduces to the
previous analysis and we omit further details.
7Note, the metric is essentially quadratic in coordinates, whereas the fluxes are linear, so via reflection,
we can change the sign of the fluxes.
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3.6 Open string quantization on the pp-waves
In this subsection we consider open string quantization making use of the pp-wave limits
identified in the previous subsections. We will encounter difficulties in solving the entire
system, but we will find a common sector that can be solved for all the pp-waves we have
identified. As a result, we focus our attention on the pp-wave obtained for motion in the
σ direction.
The bosonic sector of type IIA string theory, in the presence of a B-field, is described
by the Polyakov action
S = − 1
4piα′
∫
d2σ
(
ηabGµν∂aX
µ∂bX
ν + abBµν∂aX
µ∂bX
ν
)
, (3.68)
where we have used the conformal gauge
√−hhab = ηab = diag(−1, 1) and 01 = 1. To
avoid confusion, we write the worldsheet coordinates as (σ0, σ1).
For the pp-wave corresponding to motion on σ, inserting the pp-wave solution (3.55) and
(3.56), and making a rescaling x+ → µx+ and x− → µ−1x−, along with the identifications
Xi = xi, i = 1, 2, 3, Yi = yi, i = 4, 5, 6, 7, 8, the string action on the pp-wave becomes (in
the light-cone gauge µx+ = σ0)
Spp = − 1
4piα′
∫
dσ0
∫ piα′p+
0
dσ1
[
ηab(∂aXi∂bXi + ∂aYk∂bYk) + µ
2
(
X2i
2
+
2Y 24
3
+
Y 25 + Y
2
6
8
+
Y 27 + Y
2
8
6
+
1
6
[
Y5
√
2σ0
4
+ Y6 sin
√
2σ0
4
]2
+2
√
2
3
µ
[
Y5
√
2σ0
4
+ Y6 sin
√
2σ0
4
]
∂1Y4
]
.
(3.69)
The equations of motion read
∂2Xi − µ
2
2
Xi = 0 , ∂
2Y4 − 2µ
2
3
Y4 +
√
2
3
µ
[
(∂1Y5) cos
√
2σ0
4
+ (∂1Y6) sin
√
2σ0
4
]
= 0 ,
∂2Y5 − µ
2
8
Y5 − µ
2
6
cos
√
2σ0
4
[
Y5 cos
√
2σ0
4
+ Y6 sin
√
2σ0
4
]
−
√
2
3
µ cos
√
2σ0
4
∂1Y4 = 0 ,
∂2Y6 − µ
2
8
Y6 − µ
2
6
sin
√
2σ0
4
[
Y5 cos
√
2σ0
4
+ Y6 sin
√
2σ0
4
]
−
√
2
3
µ sin
√
2σ0
4
∂1Y4 = 0 ,
∂2Y7 − µ
2
6
Y7 = 0 , ∂
2Y8 − µ
2
6
Y8 = 0 ,
(3.70a)
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and the general boundary conditions are
∂1XiδXi = 0 (i = 1, 2, 3) ,
∂1Y4δY4 +
√
2
3
[
Y5 cos
√
2σ0
4
+ Y6 sin
√
2σ0
4
]
δY4 = 0 ,
∂1YIδYI = 0 , (I = 5, 6, 7, 8) .
(3.70b)
We are interested in open strings attached to a D4-brane wrapping the Rt×CP2 space
spanned by the coordinates (t, λ, θ, φ, σ), which become (x±, x, y, z) in the pp-wave limit,
or after the redefinitions, (x±, y7, y8) and
[
y5 cos
√
2σ0
4 + y6 sin
√
2σ0
4
]
[36, 55]. Therefore,
we impose Neumann boundary conditions along these directions and Dirichlet boundary
conditions in the remaining directions,
∂1x
± = ∂1
[
Y5 cos
√
2σ0
4
+ Y6 sin
√
2σ0
4
]
= ∂1Y7 = ∂1Y8 = 0
δXi = δY4 = δ
[
−Y5 sin
√
2σ0
4
+ Y6 cos
√
2σ0
4
]
= 0 .
(3.71)
Note that consistency necessarily implies that x± satisfy Neumann boundary conditions.
The coupled system of Y4, Y5, Y6 is difficult to solve, but Xi, Y7, Y8 are simple. For
them, we find
Xi = −
√
2α′
∑
n6=0
α
(i)
n
ω
(i)
n
sin
(
nσ
α′p+
)
e−iω
(i)
n τ , (3.72a)
YI′ = y
(I′)
0 cos
(
µτ√
6
)
+
√
6α′p(I
′)
0 sin
(
µτ√
6
)
+ i
√
2α′
∑
n6=0
α
(I′)
n
ω
(I′)
n
cos
(
nσ
α′p+
)
e−iω
(I)
n τ ,
(3.72b)
for I ′ = 7, 8. The eigenenergies for these modes are
ω(i)n =
√
µ2
2
+
n2
(α′p+)2
, ω(I
′)
n =
√
µ2
6
+
n2
(α′p+)2
, I ′ = 7, 8. (3.73)
In principle, the remaining equations can be solved numerically, but we postpone this to
future work.
In fact, we can check that the part of the string action (3.69) involving Xi, YI′ is the
same for all three pp-wave metrics, namely for motion on φ, on σ, or on φ+σ, and therefore
the solutions (3.72) and the eigenenergies (3.73) are the same for all. We will see that a
puzzle arises when we try to construct an open string spin chain in the field theory: it has
to correspond to one of the pp-waves, and all of them have the same energies (3.73) for the
modes (3.72). In spite of this, we cannot get the zeroth order spin chain energies to agree
with (3.73).
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4 Spin chains in the field theory IR limit
As we have seen in section 2, in the IR limit of the field theory, if we choose the picture
where we use the classical description of the theory, we have states satisfying [φi, φj ] = 0,
∀ i, j = 1, 2, 3, and for these states the bosonic interaction Hamiltonian is given by (2.17b),
which we repeat here for convenience
Hint,1 =
4pi2
k2
Tr
(
[[φi†, φi], φk†][[φj†, φj ], φk]
)
. (4.1)
4.1 Closed string spin chain
The symmetry of the theory is SO(2, 3)conf.×SU(3)×U(1), and in the field theory Penrose
limit, which should be a large R-charge limit, we expect, based on the gravitational Penrose
limit on the ψ direction, the U(1) to combine with the SO(2) (scaling) part of the conformal
SO(2, 3) to give U(1)±, and the SU(3) will break to SU(2)L. We expect also an extra U(1)u
symmetry.
This breaking coincides with the idea of picking out, as usual, a special complex field
charged under the U(1), let us call it Z, among the φi, i = 1, 2, 3. We call the remaining
complex scalars φm, m = 1, 2. Then the bosonic interaction Hamiltonian in the IR is
Hint =
4pi2
k2
Tr
(
[[Z¯, Z], Z¯][[Z¯, Z], Z] + [[φ¯m, φm], Z¯][[φ¯n, φn], Z]
+[[Z¯, Z], φ¯m][[Z¯, Z], φm] + [[φ¯m, φm], φp][[φ¯n, φn], φp]
+[[Z¯, Z], φ¯n][[φ¯m, φm], φn] + [[φ¯m, φn], φ¯n][[Z¯, Z], φn]
+[[Z¯, Z], Z¯][[φ¯m, φm], Z] + [[Z¯, Z], Z][[φ¯m, φm], Z¯]
)
. (4.2)
We want to construct the closed string spin chain, whose vacuum must have charge J ,
corresponding to momentum p+ on the pp-wave. We have to define the charge of Z (the
unit of charge), and we define it to be such that (in our picture using classical dimensions)
∆ − J = 0 for Z, i.e. J = 1/2. In (3.37), we saw that 2p− = ∆ − (2/3)Jψ, and we said
that we identify (2/3)Jψ with J . Moreover, we want to have zero energy for states made
up of only J ’s (vacuum states), so ∆[Z] = J [Z] = 1/2.
This then implies also J [φm] = J [φ¯m, ] = 0, and J [Z¯] = −1/2, so all in all, we have the
table
Z Z¯ φm φ¯m Aµ Dµ
∆ 1/2 1/2 1/2 1/2 1 1
J 1/2 −1/2 0 0 0 0
∆− J 0 1 1/2 1/2 1 1
Then the unique object of ∆ − J = 0 (corresponding to E = p− = 0) and J = 1/2
(corresponding to p+ = 1/2) is Z, so the vacuum has to be made from it only. At ∆−J =
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1/2 we have both φm and φ¯m, m = 1, 2, which have J = 0. At ∆− J = 1 we have Z¯ and
Da, a = 1, 2, 3 (covariant derivatives in the field theory direction).
We can use the same vacuum as in the BMN [35] case, since we want a vacuum with J
units of p+, i.e.
|0, p+〉 ∼ Tr [ZJ ] , (4.3)
or more precisely
|0, p+〉 ↔ 1√
JNJ/2
Tr [ZJ ]. (4.4)
Introducing oscillators on top of them is trickier, since now (in the “classical” picture)
[φi, φj ] = 0 (but [φ
i, φ¯j ] 6= 0). We can imagine introducing φ¯m as oscillators, since they do
not commute with Z, though it is less clear what to do about φm, since they do.
Another possibility, since now also [φm, φ¯m] has nonzero commutator with Z, we can
put insertions of [φm, φ¯m] instead. In that case, for instance a nontrivial insertion would
be
a†mn |0, p+〉 ∼
J−1∑
l=0
e
2piinl
J Tr [Z l[φ¯m, φm]ZJ−l]. (4.5)
In total, we could insert the 3+4+1=8 oscillators of ∆− J = 1,
[Z, Z¯]; [φm, φ¯n]; Da. (4.6)
But this has the disadvantage that the classical dimension (at λ = g2YMN = 0) would be
∆− J = 1 for all the oscillators, yet we have seen that half the closed string oscillators in
the pp-wave in ψ have energy 1 at n = 0 and half have energy 1/2.
We can easily see that the gravity dual picture is instead matched by the simplest
possibility, namely the same one as in the 3+1 dimensional N = 4 SYM case. Namely,
the oscillators are φm, φ¯m, m = 1, 2, of ∆ − J = 1/2, corresponding to the 4 modes of
energy 1/2 at λ = 0, n = 0 on the pp-wave (modes B), and Da, a = 1, 2, 3 and Z¯, both of
∆ − J = 1, corresponding to the 4 modes (modes A) of energy 1 at λ = 0, n = 0 on the
pp-wave. Defining then a generic insertion as
ΦM = {φm, φ¯m, Z¯,Da} , (4.7)
their insertion inside the trace corresponds to a string oscillator as usual,
a†Mn |0, p+〉 ∼
J−1∑
l=0
e
2piinl
J Tr [Z lΦMZJ−l]. (4.8)
Note then that if Φ “hops” to the right when acting on the state with the Hamiltonian,
it acquires a eip factor (p = 2pin/J), and if it “hops” to the left, it acquires a e−ip factor,
etc.
If we would consider commutator insertions, then among the terms in Hint, the first
and the second give the interaction of [Z, Z¯] and [φm, φ¯m], and the third, fourth, fifth and
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sixth will not contribute in the dilute gas approximation, since at the planar level they
would need to have two oscillators next to each other (at the same site) to contribute. As
a result, the terms that contribute are
Hint,dilute =
4pi2
k2
{
Tr
(
[[Z¯, Z], Z¯], [[Z¯, Z], Z]
)
+ Tr
(
[[φ¯m, φm], Z¯][[φ¯m, φm], Z]
)}
. (4.9)
However, there are also the mixing terms on the last line (seventh and eight).
This in effect is the same kind of interaction as in N = 4 SYM, once we replace the
oscillators φm by [Z¯, Z] or [φ¯m, φm], so the result would be the same. However, as we said
above, already at tree level we get a different result from the gravity dual, so we need to
consider instead just the usual insertions of 3+1 dimensional N = 4 SYM.
4.2 Closed string eigenenergies and Hamiltonians
Consider then bosonic φ¯m, φm, Da and Z¯ insertions. For Z¯ insertion, the relevant part of
the interaction Hamiltonian is
Tr ([[Z¯, Z], Z¯][[Z¯, Z], Z]) = Tr [3Z¯ZZ¯2Z2 + 3ZZ¯Z2Z¯2 − 4Z¯ZZ¯ZZ¯Z − 2Z3Z¯3]. (4.10)
4.2.1 Commutator [Z¯, Z] insertion
To set up the procedure, let us start with the simplest case (though we showed it doesn’t
match the gravity dual) of commutator insertion. Then the above term in the interaction
Hamiltonian is considered as the interaction for the commutator, and we rewrite it as
Tr
(
[[Z¯, Z], Z¯][[Z¯, Z], Z]
)
= Tr ([Z¯, Z]Z¯[Z¯, Z]Z − [Z¯, Z]Z¯Z[Z¯, Z]−
Z¯[Z¯, Z][Z¯, Z]Z + Z¯[Z¯, Z]Z[Z¯, Z]) .
(4.11)
We write the planar diagrams implied by this interaction in the dilute gas approximation
(dual to the pp-wave limit)
• The interaction Tr ([Z¯, Z]Z¯[Z¯, Z]Z) gives the diagram in Fig.1.
Figure 1: Commutator interaction.
that we write as
(
Φ Z¯
Z Φ
)
, where Φ = [Z¯, Z]. The coefficient for this diagram is 1
and phase eip. Using the cyclicity of the trace, this interaction is equivalent to
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Tr (Z¯[Z¯, Z]Z[Z¯, Z]), which gives the diagram
(
Z¯ Φ
Φ Z
)
. The coefficient for this diagram
is 1 and phase the phase associated with it is e−ip.
Note that there are vertices with two insertions, e.g.
(
Z Φ
Φ Z¯
)
and
(
Φ Z
Z¯ Φ
)
, but in the
dilute gas approximation we neglect these, since they are subleading.
• The interaction Tr ([Z¯, Z]Z¯Z[Z¯, Z]) gives the diagram (Φ Z¯
Φ Z
)
, with coefficient −1.
• The interaction Tr (Z¯[Z¯, Z][Z¯, Z]Z) gives the diagram ( Z¯ Φ
Z Φ
)
, with coefficient −1.
Then the total factor associated with these planar diagrams is
f[Z¯,Z] = −2 + (eip + e−ip) = −4 sin2
p
2
. (4.12)
This would be the factor arising from the expansion in λ of the BMN eigenenergies.
It is associated with a term in the effective discretized string Hamiltonian obtained
from rewriting the diagrams above in terms of “fields at site j” φj , as
−
∑
j
(2φ2j − 2φjφj+1) = −
∑
j
(φj − φj+1)2 ∼ −φ′2. (4.13)
This is just (minus) the N = 4 SYM result.
4.2.2 Insertion of Z¯
Now we move to the physical case, of insertion of fundamental fields, and we start with a
Z¯ insertion. In this case, we need to remember that the space of physical states is defined
by [φi, φj ] = 0, so we can freely commute φm past Z’s, and φ¯m past Z¯. We then have the
following diagrams:
• The interaction term Tr (Z¯ZZ¯ZZ¯Z) gives two diagrams
(
Z¯ Z Z¯
Z Z¯ Z
)
and
(
Z Z¯ Z
Z¯ Z Z¯
)
.
Both diagrams are planar, since the vertex is sextic, but again we neglect the second
diagram since we are in the dilute gas approximation. The coefficient of the first
diagram is −4 and its phase is trivial (=1).
• The interaction term Tr (Z¯ZZ¯2Z2) gives three relevant diagrams
(
Z¯ Z Z¯
Z Z Z¯
)
,
(
Z Z¯ Z¯
Z¯ Z Z
)
and
(
Z¯ Z¯ Z
Z Z¯ Z
)
. The coefficient for each diagram is 1, since the total coefficient is 3,
and their phases are, respectively eip, 1 and e−ip.
• The interaction term Tr (ZZ¯Z2Z¯2) gives three relevant diagrams
(
Z Z¯ Z¯
Z Z¯ Z
)
,
(
Z¯ Z¯ Z
Z Z Z¯
)
and
(
Z¯ Z Z¯
Z¯ Z Z
)
. The coefficient for each diagram is 1, and their phases are, respectively
eip, 1 and e−ip.
• Finally, the interaction Tr (Z3Z¯3) gives two relevant diagrams
(
Z Z¯ Z¯
Z Z Z¯
)
and
(
Z¯ Z¯ Z
Z¯ Z Z
)
.
The coefficient for this diagram is −1, total of −2, and their phases are, respectively
e2ip and e−2ip.
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The total factor for these diagrams is then
total factor = fZ¯(p) = −4 + 2(1 + eip + e−ip)− (e2ip + e−2ip) = 8 sin2
p
2
(
1− 2 sin2 p
2
)
.
(4.14)
To find the Hamiltonian for these excitations, we note that, for φj representing the field
at site j, the 5 diagrams give the following terms (where the sum over j is implicit)
−2φ2j + 2φj+1φj + 2φjφj−1 − φj−1φj+1 − φj+1φj−1
= −2φ2j − 4φj+1φj − 2φj+1φj−1
= 2(φj+1 − φj)2 − (φj+1 + φj−1 − 2φj)2. (4.15)
The discretized Hamitonian would be obtained by substituting φj = (bj + b
†
j)/
√
2 and
adding a free piece. But for matching we are in any case only concerned with small lattice
momentum p. And note that the above interacting Hamiltonian is the discretization of
2(φ′)2 − (φ′′)2 ∼ 2p2φ2 − p4φ2. (4.16)
So at small p, only the first term, 2φ′2 → 2(φj+1 − φj)2, remains, and this is, up to factor
of 2, the same Hamiltonian as for N = 4 SYM (therefore the same as in the case of the
commutator insertions).
4.2.3 Insertion of φ¯m.
We now need to do a similar calculation for the φ¯m insertion. We first expand the inter-
action Hamiltonian, the terms with two φ’s only (the only ones relevant in the dilute gas
approximation) and obtain
Tr
(
φ¯mφm(2Z¯2Z2 − 2Z2Z¯2 − 5Z¯ZZ¯Z + 3ZZ¯ZZ¯ + ZZ¯2Z + Z¯Z2Z¯)
+φmφ¯m(2Z2Z¯2 − 2Z¯2Z2 − 5ZZ¯ZZ¯ + 3Z¯ZZ¯Z + ZZ¯2Z + Z¯Z2Z¯)
+2Z¯Zφ¯mZ¯Zφm + 2ZZ¯φ¯mZZ¯φm − 2Z¯Zφ¯mZZ¯φm − 2ZZ¯φ¯mZ¯Zφm) , (4.17)
and we can rewrite this expression as
Tr
[
φ¯mφm
(
2Z¯2Z2 − 5Z¯ZZ¯Z + 5ZZ¯ZZ¯ + ZZ¯Z¯Z + Z¯ZZZ¯)
+ φmφ¯m
(
2Z2Z¯2 − 5ZZ¯ZZ¯ + 5Z¯ZZ¯Z + Z¯ZZZ¯ + ZZ¯Z¯Z) (4.18)
−6φ¯mφmZ2Z¯2 − 2Zφ¯mZZ¯φmZ¯
]
,
where we have used the fact that [φm, Z] = 0 and [φ¯m, Z¯] = 0, so in particular Tr [ZZ¯φ¯mZ¯Zφm] =
Tr [φmφ¯mZ¯2Z2] = Tr [φ¯mφmZ2Z¯2].
We write separately the contributions of each term to the spin chain Hamiltonian,
obtaining 9 diagrams:
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1st line:
• The terms Tr (φ¯φZ¯ZZ¯Z) and Tr (φ¯φZZ¯ZZ¯) don’t contribute.
• The term Tr (φ¯φZ¯2Z2) gives the (relevant) diagram
(
φ Z¯ Z¯
φ¯ Z Z
)
with coefficient +2 and
trivial phase.
• The term Tr (φ¯φZ¯ZZZ¯) gives the diagram
(
Z¯ φ Z¯
φ¯ Z Z
)
with coefficient +1 and phase
e−ip
• The term Tr (φ¯φZZ¯Z¯Z) gives the diagram
(
φ Z¯ Z¯
Z φ¯ Z
)
with coefficient +1 and phase
eip
2nd line:
• The terms Tr (φφ¯ZZ¯ZZ¯) and Tr (φφ¯Z¯ZZ¯Z) don’t contribute
• The term Tr (φφ¯Z2Z¯2) gives the diagram
(
Z¯ Z¯ φ
Z Z φ¯
)
with coefficient +2 and trivial
phase.
• The term Tr (φφ¯ZZ¯2Z) gives the diagram
(
Z¯ Z¯ φ
Z φ¯ Z
)
with coefficient +1 and phase
e−ip
• The term Tr (φφ¯Z¯Z2Z¯) gives the diagram
(
Z¯ φ Z¯
Z Z φ¯
)
with coefficient +1 and phase eip
3rd line:
• The term Tr (φ¯φZ2Z¯2) gives the diagrams
(
Z¯ Z¯ φ
φ¯ Z Z
)
and
(
φ Z¯ Z¯
Z Z φ¯
)
with coefficient −3
each and phases e−2ip and e2ip, respectively.
• The term Tr (Zφ¯ZZ¯φZ¯) gives the diagram
(
Z¯ φ Z¯
Z φ¯ Z
)
with coefficient −2 trivial phase
Therefore the total factor of the 9 diagrams above is
total factor = fφ¯(p) = 2+2(e
ip+e−ip)−3(e2ip+e−2ip) = 8 sin2 p
2
(
5− 6 sin2 p
2
)
. (4.19)
The Hamiltonian is found in the same way as for Z¯ insertion. The 9 diagrams give the
contributions (as before, the sum over j is implicit)
2φ2j + 2φjφj+1 + 2φjφj−1 − 3φj+1φj−1 − 3φj−1φj+1
= 10(φj+1 − φj)2 − 3(φj+1 + φj−1 − 2φj)2 , (4.20)
which is the discretization for
10(φ′)2 − 3(φ′′)2 ∼ 10p2φ2 − 3p4φ4. (4.21)
We see that, at small p, we have 5 times the result of the Z¯ insertion.
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4.2.4 Insertion of φm.
We now look at the φm insertion. In this case, the insertion can propagate throughout the
chain with no change. However, for the first nontrivial correction to the energy, planarity
(which, if violated, carries a penalty of a 1/N2 factor) requires that the fields interact only
“3 sites down with the corresponding 3 sites up”, just like in the previous cases.
We have now in principle the same 9 diagrams as in the case of the φ¯m insertion, just
that now, because we can commute freely φ inside the Z’s, they all come from the same
interaction. The vertices are all equivalent (under the commutation), and are equivalent
to φmφ¯mZ¯2Z2. The result is that we have the same phase factors as for φ¯ insertion, but
all have the same coefficient, which is now −2/3, namely:
•
(
φ¯ Z¯ Z¯
φ Z Z
)
,
(
Z¯ φ¯ Z¯
Z φ Z
)
and
(
Z¯ Z¯ φ¯
Z Z φ
)
with trivial phase.
•
(
Z¯ Z¯ φ¯
Z φ Z
)
and
(
Z¯ φ¯ Z¯
φ Z Z
)
both with phases e−ip.
•
(
Z¯ φ¯ Z¯
Z Z φ
)
and
(
φ¯ Z¯ Z¯
Z φ Z
)
both with phases eip.
•
(
Z¯ Z¯ φ¯
φ Z Z
)
and
(
φ¯ Z¯ Z¯
Z Z φ
)
with phases e−2ip and e2ip, respectively.
Then the total factor of the 9 diagrams is
total factor = −2
3
[
3 + 2(eip + e−ip) + e2ip + e−2ip
]
=
[
−6 + 16 sin2 p
2
(
1− 2
3
sin2
p
2
)]
.
(4.22)
However, exactly like in the BMN case for N = 4 SYM [35], there will be also other
Feynman diagrams involving gauge fields and fermions, which come with a trivial phase
(the scalars are not “hopping” on the chain, but going straight up, and the gauge fields and
fermions are making various connections to the scalar lines), and their result will be such
that at p = 0 we should have a total vanishing contribution, since the p = 0 operator is a
chiral primary field. The result of this is that we can replace the coefficient of the trivial
phase, −(2/3)3, with the one that cancels the rest at p = 0, namely with −(2/3)(−6), so
that in the final expression for the total factor we remove the constant −6, and have
total factor = fφ(p) =
[
16 sin2
p
2
(
1− 2
3
sin2
p
2
)]
. (4.23)
At small p, we get the same result as for the φ¯m insertion, except for an extra factor of
2/5.
For the construction of the Hamiltonian, we do the same as before. We obtain from
the diagrams above the contribution
−2
3
[−6φ2j + 4φj+1φj + 2φj+1φj−1]
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= 4(φj+1 − φj)2 − 2
3
(φj+1 + φj−1 − 2φj)2 , (4.24)
which is the discretization of
4(φ′)2 − 2
3
(φ′′)2 ∼ 4p2φ2 − 2
3
p4φ2. (4.25)
Again at small p, we get the same Hamiltonian, except for an extra factor of 2/5.
So in all these cases, except for overall factors, the interacting Hamiltonian at small
lattice momentum p is the same as in the N = 4 SYM case,
[φj+1 − φj ]2 = [bj+1 + b†j+1 − bj − b†j ]2/2 , (4.26)
so the calculation of the energy gives the same square root, except for an overall factor of
the interaction part.
4.2.5 Eigenenergies and comparison with gravity dual
The factors calculated above must still be multiplied by the same basic scalar diagram. In
three dimensions the scalar propagator in position space is P (x, y) = 1/(4pi|x − y|). The
basic correction, a “two-loop” Feynman diagram, which we consider has one operator O(0)
at zero, and its conjugate O¯(x) at x, is integrated over a vertex at y, and has 3 propagators
from the vertex to each of the operators, so [P (y, 0)]3[P (x, y)]3. Since we want to compare
with the free case (tree diagram), we divide the result by the tree result [P (x, 0)]3, obtaining
8
I(x)
Itree(x) =
4pi2
k2
|x|3
(4pi)3
∫
d3y
1
y3|x− y|3
=
4pi2
k2
8pi
(4pi)3
ln |x|Λ + finite = 1
2k2
ln |x|Λ + finite , (4.29)
and we also have an N2 factor coming from the sum over the ’t Hooft double lines, for a
total Feynman diagram factor, correcting the tree result, of (F(x) ≡ 〈O(x)O¯(0)〉)
F(x)
F tree(x) = 1 + fi(p)
N2
2k2
ln |x|Λ + finite = 1 + fi(p)λ
2
2
ln |x|Λ + finite , (4.30)
8More generally, in a conformal theory we can use a conformal transformation to put the field theory
on R× Sd−1. Therefore, we calculate a general integral as
I(d, n) =
∫
ddy
1
yn(x− y)n =
∫
dy
yd−1
yn(x− y)n
∫
dΩd−1 , (4.27)
and
∫
dΩd−1 = 2pid/2/Γ(d/2). For our case of d = n = 3, we have
I = 4pi
∫
dy
y(x− y)3 . (4.28a)
Doing the y integral, we have an IR divergence and a divergence for y = x. We introduce the infrared
cut-off Λ, and then also Λ = x− max(y), obtaining
I =
8pi
|x|3 ln Λ . (4.28b)
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where fi(p) are the total factors fZ¯(p), fφ¯(p) and fφ(p) calculated in the previous subsec-
tions. This is to be compared with the expected form
F(x)
F tree(x) = (1 + finite)
|x|∆tree
|x|∆(λ) ' 1− δ∆(λ) ln |x|Λ + finite, (4.31)
to finally write
∆− J ' (∆− J)(tree) + δ∆(λ) = (∆− J)(tree)− fi(p)λ
2
2
. (4.32)
Note that the numerical coefficient multiplying fi(p) is different than in 3+1 dimensional
N = 4 SYM, since the basic Feynman diagram is different. We also find the “two-loop”
λ2 factor instead of λ, since now the vertex is sextic.
Commutator insertions.
For completeness, we start by considering the case of [Z¯, Z] insertions, and then from
(4.12) we obtain (since p = 2pin/J and (∆− J)(tree) = 1)
∆− J ' 1− f[Z¯,Z](p)
λ2
2
= 1 +
2N2
k2
sin2
p
2
' 1 + 2pi2λ2 n
2
J2
, (4.33)
where the last result was for small p (small n).
Since the spin chain Hamiltonian at small p is (up to a numerical factor) always the
same as for 3+1 dimensional N = 4 SYM, the full result is the square root that has the
above as the first correction, i.e.
∆− J =
√
1− f[Z¯,Z]λ2 =
√
1 + 4λ2 sin2
p
2
. (4.34)
Like in the case of the ABJM spin chain, all the more so since we have less than maximal
supersymmetry, we expect the coefficient of sin2 p/2 to have some function of the ’t Hooft
coupling λ = N/k, i.e. we expect that
∆− J =
√
1 + f[Z¯,Z](λ) sin
2 p
2
, (4.35)
such that for small λ, f[Z¯,Z](λ) ' 4λ2.
For the case of giant magnons, p is not infinitesimal anymore. In this case, we can
neglect the 1 in the square root, and get
∆− J '
√
f[Z¯,Z](λ)
∣∣∣sin p
2
∣∣∣ . (4.36)
As described in [34], where giant magnons were analyzed in the GJV gravitational back-
ground, the dual giant magnon energy, given by the string action, is proportional to (since
the Polyakov action is essentially the metric in string frame)
L2string
2piα′
∝
(
N
k
)1/3
. (4.37)
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This means that at large λ, we have
f[Z¯,Z](λ) ∝ λ2/3. (4.38)
Moreover, this result is valid for any type of spin chain insertion, corresponding to any
direction for the giant magnon excitation.
On the pp-wave, i.e. in the BMN limit, the scale factor is the same L2string, so we should
obtain in general at large λ
fi(λ) ∝ λ2/3. (4.39)
Field insertions
As we said, the physical case seems to be for insertions of the basic fields, rather than
the commutators. For each case, we will have a set of different functions
fi(λ) = fi(p)λ
2 , (4.40)
since we still have
∆− J ' (∆− J)0 − fi(p)λ
2
2
' (∆− J)0 − fiλ
2
2
sin2
p
2
' (∆− J)0 − fiλ
2
2
pi2n2
J2
, (4.41)
where the last two equalities are only valid for small p. But for matching with the pp-wave
result, we must only consider small p, so we can neglect the sin4 p/2 terms in fi(p).
The tree level value (∆− J)0 for ∆− J is, as we already explained, 1 for Da and Z¯ in-
sertions, and 1/2 for φm and φ¯m insertions. From matching with the pp-wave results (3.40)
and (3.41) for n = 0, we see that Da insertions correspond to X
2, X3, X4 insertions on the
pp-wave, Z¯ insertions to X1 = u insertions, and φm, φ¯m to X5, X6, X7, X8 insertions.
Since, as we saw, p+ = J/L2string, to translate from the pp-wave result we use the map,
valid at λ→∞,
n2
(α′p+)2
=
(
L2string
α′
)2
n2
J2
∝ λ2/3 n
2
J2
. (4.42)
• For Z¯ insertions, from fZ¯(p) in (4.14), we get
∆− J ' 1− 4λ2 sin2 p
2
(
1− 2 sin2 p
2
)
, (4.43)
which from the spin chain Hamiltonian would be√
1− fZ¯(λ) sin2 p/2 ' 1−
1
2
fZ¯(λ) sin
2 p
2
' 1− pi
2
2
fZ¯(λ)
n2
J2
. (4.44)
at small p, and then at small λ we have fZ¯(λ) ' 8λ2. By comparing with the small
p result on the pp-wave, eq. (3.40), we see that at large λ,
fZ¯(λ) = −
1
pi
(
L2string
α′
)2
∝ λ2/3. (4.45)
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• For φ¯m insertions, from fφ¯(p) in (4.19), we get
∆− J ' 1
2
− 4λ2 sin2 p
2
(
5− 6 sin2 p
2
)
, (4.46)
which from the spin chain Hamiltonian would be√
1
4
− 1
2
fφ¯(λ) sin
2 p
2
' 1
2
− 1
2
fφ¯(λ) sin
2 p
2
(4.47)
at small p, and at small λ we have fφ¯(λ) ' 40λ2. By comparing with the small p
result on the pp-wave, eq. (3.41), we see that at large λ,
fφ¯(λ) = −
2
pi
(
L2string
α′
)2
n2
J2
∝ λ2/3. (4.48)
• For φm insertions, from fφ(p) in (4.23), we get
∆− J ' 1
2
− 8λ2 sin2 p
2
(
1− 2
3
sin2
p
2
)
, (4.49)
which from the spin chain Hamiltonian would be√
1
4
− 1
2
fφ(λ) sin
2 p
2
' 1
2
− 1
2
fφ(λ) sin
2 p
2
(4.50)
at small p, and at small λ we have fφ(λ) ' 16λ2. By comparing with the small p
result on the pp-wave, eq. (3.41), we see that at large λ,
fφ(λ) = − 2
pi
(
L2string
α′
)2
n2
J2
∝ λ2/3. (4.51)
Note that the functions fi(λ) are the same ones for the usual magnons (dual to the
pp-wave) as they are for the giant magnons (corresponding to the calculation from [34])
since the scale in both gravity backgrounds is L2string, which means we have the map (4.42).
In conclusion, we find matching with the pp-wave results, but only by introducing
independent functions of coupling fi(λ), one for each field insertion.
4.3 Sketch of field theory spin chain for open strings on D-branes
We will now attempt to describe the spin chain for open strings on the giant graviton D4-
branes, in the same way as it was done in [37] for the ABJM case. We will only sketch the
analysis, since we will see that we have an important puzzle, which we could not resolve.
From the point of view of the analysis for closed strings excitation modes, we have the
scalars Z, Z¯, charged under a U(1) symmetry with charge J , and φm, φ¯m, m = 1, 2, which
we will split as W,T , forming an SU(2) sector, and their conjugates, W¯ , T¯ .
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A maximal giant graviton D4-brane, wrapping the CP2 parametrized by (λ, θ, φ, σ),
thus with transverse coordinates ρ (AdS radial coordinate) and angles α and ψ, where
its motion is on the same direction ψ as for the closed strings, will be described by a
determinant operator made up of Z, the complex scalar charged under the rotation on ψ,
i.e.
Og,max = m1...mN p1...pNZm1p1 ...ZmNpN . (4.52)
A non-maximal giant graviton will correspond to a sub-determinant operator, and it is
more complicated (Schur polynomials in general), so we will stick with the maximum one.
On the other hand, the open string must move in an isometry direction A ∈ CP2 parallel
to the D4-brane giant, which restricts it to be A = σ, φ or a combination thereof (like σ+φ).
This corresponds indeed to the directions in which we took the Penrose limits for the open
string pp-wave. That means that the direction A is charged under a different U(1) charge
J¯ 6= J . Since the direction α, rescaled to u, corresponds (as we saw in the last section)
to the Z¯ insertion in field theory (it has the same energy vs. ∆ − J), it means that the
rotation angle A corresponds to (rotation of) a different φm, φ¯m insertion. Let us define
the complex scalar field charged under J¯ to be W , and define it to have charge J¯ = 1/2
(so that W¯ has charge J¯ = −1/2). Then the vacuum of the open string will be the open
spin chain (with open matrix indices)
[W J¯ ]ab . (4.53)
Then the combined vacuum of the giant plus open string, of J¯ units of open string
lightcone momentum p+, is
|0, p+〉 = Og,max+open = m1...mN p1...pNZm1p1 ...Z
mN−1
pN−1 [W
J¯ ]mNpN . (4.54)
Among the sites of the open string, W J¯ , we must insert the excitations ΨM of the open
string, with their usual momentum factor, like
a†Mn |0, p+〉 ∼
J−1∑
l=0
e
2piiln
J m1...mN 
p1...pNZm1p1 ...Z
mN−1
pN−1 [W
lΨMW J¯−l]mNpN . (4.55)
The problem is that the natural insertions ΨM are: Da, for a = 1, 2, 3, with ∆− J¯ = 1, Z¯
and Z, with ∆− J¯ = 1/2, T and T¯ , with ∆− J¯ = 1/2, and W¯ , with ∆− J¯ = 1.
Among the modes of the open strings, in the three Penrose limit directions analyzed, as
we have explained in section 3.6, we have some modes that we cannot calculate precisely,
and five modes that are identical over the three different limits: the modes Xi, i = 1, 2, 3,
and the modes Y7, Y8, see (3.72) and (3.73). This means that no matter how we choose the
field theory open spin chain, there should be a universality in the result.
But when looking at the modes of the open string on the pp-wave, we see that only the
Da modes, corresponding to the Xi excitations, with energies ω
(i)
n , match the p = 0 values
for the energy (∆− J¯ in the field theory), and only if we rescale (reabsorb in the implicit
µ scale for the energy) a 1/
√
2 factor for ω’s.
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After the rescaling by
√
2, the modes Y7, Y8 (with E = µ/
√
6 at n = 0) on the pp-
wave have energies E = µ/
√
3 at zero momentum, which however disagrees with both
∆ − J¯ = 1/2 of Z, Z¯, T, T¯ , or the ∆ − J = 1 of W¯ . It is not clear how we could fix this
mismatch.
5 Conclusions
In this paper we have studied Penrose limits of the GJV duality between the IR fixed point
of N = 2 SYM-CS theories in 2+1 dimensions and a warped product geometry of the form
AdS4×S6, where the six-sphere is squashed. On the gravitational side, we have calculated
all the nontrivial Penrose limits along isometries of the background.
On the field theory side, after describing the Lagrangian and IR fixed point of the
theory, we described a spin chain that corresponds to closed strings in one of the pp-waves,
more concretely the Penrose limit along the R-symmetry direction. We obtained matching,
only at the expense of introducing independent functions fi(λ) for the various field theory
insertions Φi, and after restricting to small spin chain momentum p, so that sin
2 p/2 1.
This situation is different from either of the more established examples, notably 3+1
dimensional N = 4 SYM (when there are no functions of the coupling), or 2+1 dimensional
N = 6 superconformal CS theory (ABJM model), where there is only one function. We
attribute this feature to the fact that there is less supersymmetry (N = 2 instead of the
maximal N = 8) and more parameters, which makes the GJV duality more interesting.
Even more so, since as we see, we can use a combination of the methods used in the N = 4
SYM and ABJM cases to analyze the model. It should be interesting to use methods based
on quantum spectral curves to perform an analysis of these functions [56,57].
In the process of completing this work, an unresolved puzzle arose with respect to the
open strings on D4-brane giant gravitons. A pp-wave corresponding to such a situation was
found for each of the σ, φ, σ + φ directions, but neither of these logical possibilities seem
to match the result obtained in the field theory at zero spin chain momentum p. We are
unsure how to resolve this but, coupled with the fact that in the closed string case we have
matching only for small p, suggests that this less supersymmetric case is more complicated
and interesting than the standard N = 4 SYM and ABJM cases.
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A 3D superspace
A.1 N=1 superspace
In this section we review 3DN = 1 superspace. Our motivation to do so stems from the fact
that recent treatments in the literature, for example [38, 39], have favoured working with
components and the superspace conventions have not been comprehensive enough to stand
alone. In this section, we will recapitulate some of the earlier work in this direction [58,59].
We adopt the spacetime metric ηµν = diag(−1, 1, 1), with gamma matrices,
(γ0)αβ = iσ2, (γ
1)αβ = σ1, (γ
2)αβ = σ3, (A.1)
noting that γµγν = ηµν + µνργρ, with 
012 = γ012 = 1. We next introduce αβ = iσ2, αβ =
−iσ2, α, β = 1, 2, allowing us to raise/lower indices on spinors and construct Lorentz
invariants,
ψ¯α = αβψ
β, ψα = αβψ¯β, ψ¯χ = ψ¯αχ
α. (A.2)
To construct superfields, we introduce a two-component Majorana spinor comprising
Grassmann coordinates θα, α = 1, 2. With N = 1 supersymmetry, one can construct two
different types of multiplets, namely scalar and gauge multiplets. We begin by defining a
real scalar multiplet, consisting of two real scalars φ(x), C(x) and a Majorana spinor ψ:
Φ(x, θ) = φ(x) + iθ¯ψ(x) +
i
2
θ¯θC(x). (A.3)
We note that there are two real bosonic and two real fermionic degrees of freedom. The
generator of the N = 1 supersymmetry transformation Qα is given by,
iQα =
∂
∂θ¯α
− i(γµθ)α∂µ. (A.4)
The covariant superderivative is defined as
Dα =
∂
∂θ¯α
+ i(γµθ)α∂µ, D¯α = αβD
β, such that {D¯α, Dβ} = −2i(γµ)βα∂µ. (A.5)
The supersymmetry variations follow from
δΦ = δφ+ iθ¯δψ +
i
2
θ¯θδC = i¯αQ
αΦ, (A.6)
which in terms of the component fields, leads to the variations 9:
δφ = i¯ψ, δψ = C+ γµ∂µφ, δC = i¯γ
µ∂µψ. (A.7)
9It is useful to recall the Fierz identity for Majorana spinors, which implies ¯γµθ θ¯∂µψ = − 12 θ¯θ ¯γµ∂µψ.
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From the scalar superfield Φ one can construct a scale invariant action of the form 10,
S =
1
2
∫
d3x d2θD¯ΦDΦ =
∫
d3x
(
1
2
∂µφ∂
µφ− i
2
ψ¯γµ∂µψ +
1
2
C2
)
. (A.8)
To see that this is scale invariant, we assign dimensions,
[Φ] =
1
2
⇒ [φ] = −[θ] = 1
2
, [ψ] = 1, [C] =
3
2
. (A.9)
Now that we have introduced the scalar multiplet, we can introduce the gauge multiplet.
The gauge multiplet is contained in a Majorana spinor superfield Γα, which consists of two
two-component Majorana spinors, χα, λα, a real scalar a(x) and a vector potential Aµ(x),
Γα(x, θ) = χα(x) + θ¯β[
1
2
βαa(x) + (γµ)βαAµ(x)] + iθ¯θη
α, (A.10)
where ηα = λα − 12(γµ∂µχ)α. Once again, we note that one has an equal number of
bosonic and fermionic degrees of freedom, i. e. four real degrees. The infinitesimal gauge
transformation of the spinor superfield is δΓα = −iDαΦ, where Φ is a real superfield. In
terms of components, one finds δAµ = −∂µφ, δλ = 0, δχ = ψ, δa = −2C. Noting that
λα = i2 iD¯βD
αΓβ|θ=0 is gauge invariant, the natural field strength superfield is,
Wα =
i
2
D¯βD
αΓβ, (A.11)
where gauge invariance follows from the identity D¯βD
αDβ = 0. The Chern-Simons action
is obtained from the action
SCS =
∫
d3xd2θΓ¯W =
∫
d3x
(
µνρAµ∂νAρ − λ¯λ
)
. (A.12)
where we have evaluated the action in the supersymmetric gauge D¯Γ = 0, which corre-
sponds to setting a = 0, ∂µAµ = 0 and λ = γ
µ∂µχ. The generalisation to the non-Abelian
case is straightforward.
A.2 N=2 Chern-Simons-matter theories
In this section, we follow the conventions of [60]. The three dimensional spinor group for a
Minkowski spacetime with metric ηµν = diag(−+ +) is Spin(1, 2) ' Sl(1, 2) ' SU(1, 1).
Field theories with N = 1 supersymmetries are formulated by a two real compo-
nents Majorana spinor, but this amount of supercharges is not enough to provide holo-
morphy properties to these theories. With N = 2 supersymmetries, 4 real components,
the situation is easier, and it is the case we consider here [61]. The Dirac matrices are
(γµ) ba = (iσ
2, σ1, σ3), that is
γ0 =
(
0 1
−1 0
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
1 0
0 −1
)
. (A.13)
10We use conventions such that
∫
d2θθ¯θ = −1.
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and satisfy γµγν = ηµν + µνργρ and {γµ, γν} = 2ηµν .
A Majorana spinor transforms in the fundamental representation of Sl(1, 2), therefore,
for the N = 2 case, we combine two Majorana spinors into a Dirac spinor that transforms
in the fundamental representation of SU(1, 1) [58]. A generic Dirac spinor can be written
as ψ = (ψ1 ψ2)T ∈ C2, and its dual is defined as ψa := abψb ∈ C2, where 12 = −21 = 1,
that is αβ = iσ2. Moreover, we define ab = −iσ2, that satisfies accb = δba, or more
generally
abcd = δ
a
dδ
b
c − δac δbd , abcd = δacδbd − δadδbc , abcd = δacδbd − δadδbc . (A.14)
In fact, it easy to see that the gamma matrices (γµ)ab = ac(γ
µ) cb = (−1,−σ3, σ1) are
symmetric.
The action of the Lorentz group on these spinors is
ψa → M ba ψb
ψa → ψb(M ba )−1 ≡ ψbM ab ,
(A.15)
and with these definitions, the product ψξ := ψaξa = ξψ is Lorentz invariant. Furthemore,
the Dirac and Majorana conjugates are defined, respectively by
ψ¯a := (ψ†)b(γ0) ab
(ψC)a := (ψT )bC ab .
(A.16)
where the charge conjugation matrix is C := −iγ0 = σ2. The Dirac spinors can be decom-
posed as
ψa = ψ
1
a + iψ
2
a , (A.17)
where ψi, i = 1, 2 are two Majorana spinors, and also ψ¯a = abψ¯
b. Also, we define the
contractions ψγµθ¯ := ψ
a(γµ)abθ¯
b.
It is easy to show that following identities
θaθb =
1
2
abθ
2 , θaθb = −1
2
abθ2 , (θθ¯)2 = −1
2
θ2θ¯2 ,
θγµθ¯θγν θ¯ =
1
2
ηµνθ2θ¯2 , (θθ¯)θγµθ¯ = 0 , (θθ¯)† = −θθ¯ , (A.18)
(θ¯λ¯)† = (θ†λ†)† = −θλ , (θ¯θ¯)† = (θ†θ†)† = −θθ ,
(θγµψ¯)† = ψγµθ¯ , (θγµθ¯)† = θγµθ¯
θλ(θγµθ¯) = −1
2
θ2(λγµθ¯) , (θγµ)a(γ
ν θ¯)a = θθ¯ηµν − µνρθγρθ¯ . (A.19)
The susy generators and superderivatives in the superspace are given by
Qa = ∂a − i(γµθ¯)a∂µ , Q¯a = −∂¯a + i(θγµ)a∂µ
Da = ∂a + i(γ
µθ¯)a∂µ , D¯a = −∂¯a − i(θγµ)a∂µ ,
(A.20a)
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and we can raise indices using ∂a = −ab∂b. In the coordinates yµ = xµ + iθγµθ¯, we have
Qa = ∂a , Q¯a = −∂¯a + 2i(θγµ)a ∂
∂yµ
Da = ∂a + 2i(γ
µθ¯)a
∂
∂yµ
, D¯a = −∂¯a .
(A.20b)
Under these definitions, it’s easy to show that the chiral superfield Φ, defined by D¯aΦ = 0
has the most general expansion Φ(y) = φ(y) +
√
2θψ(y) + θθF (y), that is,
Φ(x) = φ+ i(θγµθ¯)∂µφ− 1
4
θ2θ¯2φ+
√
2θψ(x)− i√
2
θ2∂µψγ
µθ¯ + θθF (x) . (A.21a)
In addition, we can define the anti-chiral superfield Φ† ≡ Φ¯, such that DαΦ¯ = 0, then
Φ¯(y¯) = φ¯(y¯)−√2θ¯ψ¯(y¯)− θ¯θ¯F¯ (y¯), that is
Φ¯(x) = φ¯− i(θγµθ¯)∂µφ¯− 1
4
θ2θ¯2φ¯−
√
2θ¯ψ¯(x)− i√
2
θ¯2θγµ∂µψ¯ − θ¯θ¯F¯ (x) . (A.21b)
The vector field V in the Wess-Zumino gauge is given by
V(x) = 2iθθ¯σ + 2θγµθ¯Aµ + i
√
2θ2θ¯χ¯− i
√
2θ¯2θχ+ θ2θ¯2D , (A.22a)
and using the identities (A.18), we can easily show that V = V† and
V2 = 2(σ2 +AµAµ)θ2θ¯2
V3 = 0 . (A.22b)
♠ Chern-Simons Lagrangian The superspace Lagrangian for the N = 2 nonabelian
Chern-Simons is
LCS = k
4pi
∫
d4θ
∫ 1
0
dt
i
2
TrVD¯aWa (A.23)
where
Wα = e
−tVDaetV = tDaV − t2VDaV + t
2
2
DaV2 , (A.24)
therefore
LCS = k
4pi
∫
d4θ
i
4
Tr
(
VD¯aDaV − 2
3
VD¯a(VDaV) + 1
3
VD¯aDaV2
)
. (A.25)
Therefore, we have the following D-terms
TrVD¯aDaV
∣∣∣∣
θ2θ¯2
= 4Tr(2iDσ − iµνρAµ∂νAρ + χχ¯) (A.26a)
TrVD¯a(VDaV)
∣∣∣∣
θ2θ¯2
= 4Tr
[
iσ(σ2 +AµA
µ) + µνρAµAνAρ
]
(A.26b)
TrVD¯aDaV2
∣∣∣∣
θ2θ¯2
= 8iTr[σ(σ2 +AµA
µ)] . (A.26c)
Using these results, the N = 2 Chern-Simons action is
SCS =
k
4pi
∫
d3xTr
[(
µνρAµ∂νAρ +
2i
3
AµAνAρ
)
+ iχ¯χ− 2Dσ
]
(A.27)
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♣ Charged Matter Lagrangian Let us consider, for the sake of generality, a family
of chiral superfields, that is Φi, i = 1, · · · , n. The gauged Lagrangian for charged matter
fields is
Lm = −
∫
d4θ
∑
i
Φ¯ieVΦi ≡ −
(
Φ¯iΦi + Φ¯iVΦi + 1
2
Φ¯iV2Φi
)
θ2θ¯2
. (A.28)
Therefore
Φi†V2Φi = 2φi† (σ2 +AµAµ)φi θ2θ¯2 (A.29a)
and also
Φi†VΦi
∣∣∣
θ2θ¯2
= i
(
φi†Aµ∂µφi − ∂µφi†Aµφi
)
+ iφi†χψi + iψ¯iχ¯φi − iψ¯iσψi (A.29b)
+ ψ¯iγµAµψ
i + φi†Dφi
Φi†Φi
∣∣∣
θ2θ¯2
= ∂µφ
i†∂µφi + iψ¯iγµ∂µψi − F¯ iF i + (total derivative) . (A.29c)
Then
Lm = −Tr
[
(Dµφ)
i†Dµφi + iψ¯iγµDµψi − F¯ iF i + φi†Dφi + φi†σ2φi − iψ¯iσψi
+iφi†χψi + iψ¯iχ¯φi
] (A.30)
where the convariant derivative is Dµ = ∂µ − i[Aµ, ·].
z Superpotential: The superpotential Lagrangian is
Lsp = −
∫
d2θW(Φ)−
∫
d2θ¯W(Φ)
= −Tr
(
∂W(φ)
∂φi
F i +
∂W(φ)
∂φ¯i
F¯ i − 1
2
∂2W(φ)
∂φi∂φj
ψiψj − 1
2
∂2W(φ)
∂φ¯i∂φ¯j
ψ¯iψ¯j
)
.
(A.31)
Consider that the matter fields X are Lie-algebra valued. Therefore, the fields in the
gauge multiplet, denoted collectively by G, act in the matter fields X adjointly, for example
Dφ = [D,φ] = (fabcDaφb)T c (in this particular case, let the Latin indices denote indices
in the algebra). Moreover, we have
Tr(X¯GX) = Tr(X¯[G,X]) =
1
2
fαβγX¯aGbXc
Tr(X¯G2X) = Tr(X¯[G, [G,X]]) =
1
2
feabfecdX¯aGbGcXd ,
(A.32)
where the trace is normalized as 2Tr(T aT b) = δab. Integrating out the auxiliary fields, we
find
σa = −4pi
k
Tr
(
φi†T aφi
)
, F i = −∂W¯(φ
†)
∂φi†
, F i† = −∂W(φ)
∂φi
χa =
8pi
k
Tr
(
ψ¯iT aφi
)
, χ¯a =
8pi
k
Tr
(
φi†T aψi
)
,
(A.33)
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so that kTr(Dσ) = −2piTr(φi†Dφi).
Therefore, the N = 2 Chern-Simons-matter Lagrangian is
L =Tr
[
k
4pi
µνρ
(
Aµ∂νAν +
2i
3
AµAνAρ
)
+
k
4pi
(iχ¯χ− 2Dσ)−
(
Dµφ
i†Dµφi + iψ¯iγµDµψi
)]
− 8pii
k
Tr
(
ψ¯iT aφi
)
Tr
(
φj†T aψj
)
− 16pi
2
k2
Tr
(
φi†T aφi
)
Tr
(
φj†T bφj
)
Tr
(
φk†T aT bφk
)
− 4pii
k
Tr
(
φi†T aφi
)
Tr
(
ψ¯jT aψj
)
+ Tr
(
∂W(φ)
∂φi
∂W(φ)
∂φ¯i
+
1
2
∂2W(φ)
∂φi∂φj
ψiψj +
1
2
∂2W(φ)
∂φ¯i∂φ¯j
ψ¯iψ¯j
)
. (A.34)
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